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FIELDS OF PARALLEL PLANES IN AFFINELY 

CONNECTED SPACES 

By Y. C. WONG (Hong Kong) 

[Received 19 November 1952] 

1. Introduction 
Srupy of parallel partially null planest in a Riemannian n-space V,, was 
initiated by Walker (8). Since then a number of papers on this subject 
have been published by Ruse, Patterson, and Walker himself (4, 5, 6, 
9, 10). It should be mentioned, however, that parallel vectors, null or 
non-null, were considered much earlier by Eisenhart (2), who was also 
the first to use results from the theory of complete systems of partial 
differential equations{ in studying problems dealing with parallel vectors. 

In this paper, I give a few results on parallel planes in an affinely con- 
nected n-space A,, (with symmetric connexion), using largely Walker’s 
notation and terminology for the case of V,. The first half of this paper 
is devoted to the study of a certain ‘double’ tensor associated with each 
parallel contravariant plane in A, (§ 3). This tensor is likely to play an 
important part in the theory of parallel planes, but I have so far obtained 
only some of its elementary properties, which are given in §§ 4-6. 

The second half of this paper deals with a certain privileged coordi- 
nate system in an A,, admitting two parallel contravariant planes (§ 7). 
As applications, I first give a simpler derivation of Walker’s canonical 
form for the metric of a V,, admitting a parallel partially null plane (§ 9), 
and then obtain a canonical form for the metric of an even-dimensional 
V,, admitting two non-intersecting parallel null 4n-planes (§ 10). The 
latter V,, appears to deserve further study as its metric in canonical form 
happens to be the well-known Kahler metric in real variables. 

Throughout this paper, the tensor indices 7, j, k, have the range 1.,..., n. 
Ranges of the scalar indices a, £, etc. which are used to number various 
vectors or tensors will be indicated at appropriate places. 


2. Generalities 

The definition and some of the basic properties of parallel planes in V,,, 
first given by Walker in (8), can be carried over to the case of A,. I now 
state what I shall need in this paper. 


+ As usual, fields of parallel planes (or vectors) will be simply called parallel 
planes (or vectors). 

t For a detailed account of the theory of complete systems, see Schouten 
and Kulk (7), where the lemma proved by Walker in (9) § 3 can also be found. 
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An r-plane at a point P of A,, is an r-dimensional (algebraic) vector 
space whose elements are vectors at P. The r-plane is said to be contra- 
variant or covariant according as its vectors are all contravariant or all 
covariant. Since we shall concern ourselves mainly with contravariant 
r-planes, such planes will be simply called ‘r-planes’. 

An r-plane in A, (i.e. a field of r-planes in A,) is an r-plane uniquely 
and analytically defined over A,,; thus it may be determined by a basis 
consisting of r (linearly) independent vectors whose components X‘, are 
analytic functions of position. Such a basis will be denoted by {A‘}. In 
this and the next few sections, a, B, y, « = 1.,..., r. 

An r-plane II in A,, is said to be parallel if, for any two points P and Q, 
a vector in II(P) is displaced into a vector in I1(Q) by parallel transport 
along any curve from P to Q. It follows at once from this definition that, 
if II, & are two parallel planes, the intersection I] N = and the union 
II U & are both parallel planes. 

A necessary and sufficient condition for an r-plane to be parallel is 
that one, and therefore every one, of its bases {\/} satisfies recurrent 
relations of the form [Walker (8), Theorem 3.3] 


Dae = AB, Ap, (2.1) 


where the solidus denotes covariant differentiation with respect to the 
(symmetric) connexion Ti, of A,, and A%, are covariant vectors. An 
important consequence of (2.1) is that, if {Ai} is a basis of a parallel 
r-plane, the system of partial differential equations 


i — of 99 
Kfi=0 (tr= 2) (2.2) 
is complete, and therefore admits n—r (functionally) independent solu- 
tions [Walker (9) 71]. It is obvious that replacing a basis by another 
corresponds to replacing the complete system by an equivalent system. 
I shall refer to any such complete system as a complete system associated 
with the parallel r-plane. | 

Similarly, a covariant (n—r)-plane is parallel if and only if it has a 
basis {u?} (p, o = r+1.,,..., m) satisfying recurrent relations of the form 


VP, = BP, pe. (2.3) 


But, unlike the case of a parallel contravariant plane, there is no complete 
system of partial differential equations similar to (2.2) associated with 
a parallel covariant plane. 
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It can easily be verified that, if the vectors uf satisfy (2.3), any com- 

plete set of r independent solutions A‘, of the equations 
BRAY = 0 

satisfies relations of the form (2.1). In this way, to each parallel covariant 
(n—r)-plane, there corresponds a unique parallel (contravariant) r-plane. 
Consequently, parallel covariant planes require no separate investiga- 
tions; their properties can be inferred from those of parallel (contra- 
variant) planes. 


3. The ‘double’ tensor A,, 


Let If be a parallel r-plane in A,, and {Ai} a basis of II. Then 


n? 


i = AB. Xe, (3.1) 
where AB, are covariant vectors. 
Consider the change of basis 
Ax’ = cB Xi, (3.2) 
or ri — eR AB (3.2’) 


where det(c8) ~ 0 and é ch = 8%. Differentiating (3.2) covariantly with 
respect to x* and then using (3.1), we have 
xk = on Ay EAC: 
where A*, = (c%,+c8 Ady )Cy> (3.3) 
which can be written as 
cy Ate = Xn teh AY, (3.3’) 
If (3.3’) is regarded as a system of partial differential equations in the 
functions c%, the integrability conditions are easily found to be 


A*e = = Bey ¥ AS (3.4) 
where —AB,, = Ab,,— AB, + At, 48—At, Ab, (3.5) 


with a similar expression for A*é i in terms of Ajj. 4 

The definition (3.5) shows that for fixed « dh B. AB, is a tensor skew- 
symmetric in k, 1. Furthermore, it follows from (3.4) that for fixed k and l, 
A®’., has tensor character with respect to « and B under changes of bases. 
This is the reason why we call A8%,, a double tensor. 

Contraction of A®,, with respect to «, B gives rise to the tensor 

Aj = Aber = Adkn—Aaaer (3.6) 

which is invariant under changes of bases. 

Thus, with every parallel plane in A,, there are associated the double 
tensor AB 3, and the tensor A,,. From our experience with the curvature 
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tensor of A,,, it is natural to expect the tensors A®,, and A x to play an. 


important part in the theory of parallel planes in A,,. In §§ 4-6, I shall 
prove a few theorems concerning these tensors, leaving a fuller investiga- 
tion to future occasions. 


4. Geometric meanings of A£,, and A, 
From (3.1) and (3.5) it follows easily that 
Naika — Arirk = —i Aba. 
On the other hand, we have by Ricci’s identity [Eisenhart (1) 12] that 
Aue — Aa: = —V Bj, 
where Bi,, is the curvature tensor of A,. Hence 
rN Bing => Ag Abn. (4.1) 
When the vector Aj, at any point of A, is transported parallelly round 
an infinitesimal circuit in the form of an infinitesimal parallelogram with 
adjacent edges d, x‘, d, x’, the principal part of the infinitesimal increment 
in At is [Eisenhart (1) (10.5)] 
AX = —Nr Big d, ak d,2’, 
i.e., by (4.1), AX, = — AB yd, xkd, x. (4.2) 


Equation (4.2) confirms the fact that {Ai} is a basis of a parallel r-plane. 
It also gives the following geometric meaning to the double tensor A8,,: 


component of AX, along A, = — AB, d, x*d, 2. (4.3) 
A consequence of (4.3) is the following geometric meaning for A,,: 
> (component of Adi along Ai) = —Aj,,d, x*d, 2. (4.4) 


Thus, the left-hand member of (4.4) is independent of the basis; it 
depends only on the circuit. . 


5. Bianchi’s identity for A®,, 
Covariant differentiation of (4.1) gives 
Mim Bhat, Byam = Naim AB +Ab AB ims 
which becomes, on account of (3.1) and then (4.1), 
AB, A Aba + Bian = A’ym Ni, AB +X AX im: 
From this equation, two others can be obtained by cyclic permutations 


of the indices k, 1, m. If these three equations are added and the result 
is simplified by means of Bianchi’s identity for Bi,;, 


Byramt Bymjet+ Bien = 0, 














vt 
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we have, since A}, are independent, 
AX 1m + AXimjx+ Armen 
= A%j, AB, +AbimA B+ Abn AB — AR jy Am —ABim Afi — AB ni Abu: 
(5.1) 


This may be looked upon as Bianchi’s identity for A¥,). 


6. Some theorems on A®,, and A,, 
THEOREM 6.1. A parallel plane in A,, is strictly parallel if and only if 
the double tensor associated with it vanishes identically. 


Proof. We first note that, because of (3.4), the condition A®,, = 0 is 
invariant under changes of bases. Now, by definition, a parallel plane 
is strictly parallel if it has a basis {A**} such that At}, = 0 [Walker (8) 139]. 
For this basis, A *B __ = 0, and consequently A “8 = 0. Hence Af,, = 

Conversely, let us suppose that, for a parallel plane IT, A%,. = Zi 
Then from the way in which (3.4) was derived from (3.3’), it follows that 
the integrability conditions of the differential equations 


(ct A%é =) Xp, +8 Ah, = (6.1) 


are identically satisfied. Hence, by choosing as initial values any set of 
constants (c%)) with non-zero determinant, we have a solution of (6.1) for 
c% such that A*f = 0: that is, there exists a basis {A*'} for which A*/,, = 0. 

Hence I] is strictly parallel. 


THEOREM 6.2. For a parallel plane Il in A,, the tensor A,, vanishes 
identically if and only if Il has a basis for which A%, = 0. 


Proof. It should be first noted that the vector A%, is not invariant 
under changes of bases. 
By (3.6), A,, = 0 if AX, = 0. Conversely, suppose that 


Ay = AXn—Axup = 9. 
Then a scalar f exists such that A%, = f,. From (3.3), we have 
At = (C%y-+e8 AY, )e% 
— = C% 6) +A%, 
= [log det(c2) + fin: 


Thus any change of basis with det(c®) = exp(—f) will make A** = 
as was to be proved. 
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COROLLARY 6.2. For any parallel non-null plane in a Riemannian V,, 
the tensor A,, vanishes identically. 

Proof. Let {A;} be anormal basis of this parallel plane, then Ag; A, = +1 
or 0 according as 8 = a or 8B £a. Transvection of (3.1) by A,; gives 

0 = d,,Aiy = Ab, rAgAai = +AX, (a not summed). 

Therefore A,, = 0. 

Not every parallel plane in every V,, has A,, = 0. Walker [(8) 141] has, 
in fact, given an example of a parallel null 1-plane in a V, for which the 
vector A}, in Aj, = A}, Aj is not a gradient. For this parallel 1-plane, 


7. A, admitting two parallel planes 

The next two theorems generalize some results obtained by Walker 
(9), (10) for a V,. 

THEOREM 7.1. Let A, admit a parallel (r+-s)-plane Il and a parallel 
(r+-t)-plane Il’, which intersect in an r-plane I1* (= IL NIL’). Then there 
exists in A, a coordinate system in which {84}, {84, 5¢}, {54,51} are bases of 
nm’, 0, O’, Wanseliail. where and throughout this section 


a, B, ye L = (1.,...,1r), 
&,9,¢EM = (r+.,...,r+8), 
A, p,vEN = (r+s+.,...,7r+s+4), 

7T,weET = (r+s+t+l.,...,n). 
This theorem holds for any integer values of r, s, t iuiiiabis r>0,s>0 
t>0,r+se+t<n. 

Proof. Assume first that none of r, s, t is zero. Let {A‘, Ag}, {AX Aj,} be 
bases of II and II’, respectively. Then the r+-s++t vectors Aj, Xe, nV are 
independent. Moreover, the r-plane I1* with basis {A‘} and the ine +t)- 


plane II U II’ with basis {A}, A¢, A/,} are also parallel planes. Let us form 
the following sets of partial differential equations: 


(i) Afe=9, (ii) ALi=9, (ili) ASE = 9, 
where f ; = éf/éx'. Then (i), (i, ii), (i, iii), (i, ii, iii) are complete systems 
associated with the parallel planes I1*, II, Il’, Il UII’, respectively 
|cf. remarks on (2.2)]. 
Let f” (w € T') be a complete set of n—r—s—t solutions of (i, ii, iii); 
(f”,f#) a complete set of n—r—s solutions of (i, ii); and (f”, f£) a complete 
set of n—r—t solutions of (i, iii), We now prove that the n—r functions 
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fe, f#, f§ are independent and therefore form a complete set of n—r 


solutions of (i). 
Assume that between these functions there exists a functional relation 


F(f~,fe,f§) =0. (7.1) 
Then, since f”, f* are independent solutions of (i, ii), we have 
-’ 
x @, 2 
and also A, ft = 9, Xft = 0. (7.3) 


It follows from (7.1) and (7.3) that 


= hre= pam BHM Itt MS = of Xf. 


This, on account of (7.2), requires that det(Aé #6) = 0. Therefore, 
functions ¢” (not all zero) exist such that 


br fF, = 0. (7.4), 
To these let us add the following consequence of (7.3): 


grr, fe = 0. (7.4), 
Now consider the system of n—r—t linear and homogeneous equations 
in 0’ Aiff,=0, rAife=O0. (7.5) 
Since ff, f® are n—r—t independent functions, the coefficient matrix 
(f§,, {%) of equations (7.5) is of rank n—r—t. Therefore (7.5) have exactly 
r+-t independent pepe But, by (i, iii), A, and X/, are r+-t independent 
solutions, and by (7.4) $A}, is another solution. Theteous ¢7X;, must be 
linearly ieiuaeee on Xi, Ne But this is impossible because A\, A, Aj, are 
independent vectors. Hence the n—r functions f, f“, f§ are independent, 
as was to be proved. 

Now let f* (a € L) be any r functions forming with the preceding n—r 
functions a set of n independent functions; and let us define a new 
coordinate system (z') by #' = f'. Then, since the equations in (i, ii, iii) 
are invariant under changes of coordinates, we have in (2) 

iz, = 0, RMm=0, K2y = 0; 
Ai: t#, = 0, Ape = 0; 
Ai #, = 0, Nz = 0, 

+ A special case of this fact was used implicitly by Walker in (10) 148-9. But 

it appears to me that the assertion Walker made concerning his (4a), (4b), (4c), 


and (4d) needs amplification ; for, if (4a), (4b), (4c) are assumed, then (4d) must 
be proved, and this is exactly what I propose to do here. 
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where <*; = e%*/e%'. Therefore, the components of Xi, A}, Ai, can be 
partitioned as follows: ; 

A, = (A, 0, 0, 0), 

Xe = (XE, XZ, 0, 0), 

Ai, = (AB, 0, 2%, 0). 
From these it follows that {54}, {54, 5¢}, {84, 54} may be taken to replace 
{Ai}, {A%, Ag}, fA, AL} as bases of II*, IT, II’, respectively. Thus Theorem 
7.1 is proved for the case where none of r, s, t is zero. 

Now we can easily verify that the above proof still holds if r is zero, 
and that it still holds but becomes trivial if one of s, ¢ is zero or both are 
zero. Hence Theorem 7.1 is completely proved. 

THEOREM 7.2. In an A,, with (symmetric) connexion T', the r-plane with 
basis {5'} is parallel if and only if T2;, = 0 (a= 1,...,7; p = r+.,...,n). 

Proof. When x‘, = 81, the recurrent relations (2.1) become 

AB, 84 = Bi, = Th 
which are equivalent to 
AB, = ré.., 0 = re... 
The first set of equations merely determines the functions A®,; the 
second set of equations is therefore the condition for the r-plane with 
basis {8{} to be parallel [Walker (9) 75]. 


8. Kahler’s lemma 
We shall need the following lemmat due to Kahler [(3) § 2]: 
Lemma. If two sets of functions fo, fy (0 = 1,..., p3 $6 = p+l,..., p+ 
p+q <n) satisfy fo 4 = f4.9, then there exist functions f, Ky, Fy, such that 
hsge=9=Kyg fo=feth fe=fet%: 
and consequently, fo.s = S4.0 = f.04- 
Here, as usual, a dot indicates ordinary partial differentiation. 


9. Riemannian V,, admitting a parallel plane 

We now consider the case when the A, is a Riemannian V,. In V’,, we 
can talk about the orthogonality between vectors, and, in consequence, 
we have null vectors and partially null planes. 

Let II be a plane in V, and II’ its conjugate plane, i.e. the plane com- 
posed of the vectors orthogonal to all the vectors of II. Then the inter- 


section II* of II and II’ is a null plane, the null part of U1 (and of II’). 


+ This lemma was used implicitly by Walker in (10) (17). 
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If Il is parallel, so also is II’. Therefore we have in fact a V, admitting 
two parallel planes II, Il’, intersecting in a (parallel) plane II1*; hence 
Theorem 7.1 may be applied to this V,. 

As in Theorem 7.1, let I1*, II be of dimensions r, r+-s, respectively. 
Then II’, being the conjugate of II, is of dimension n—r—s. Therefore, 
putting r+¢ = n—r—-s in Theorem 7.1, we have 

In a V,, admitting a parallel (r+-s)-plane II of nullity r (i.e. with null 
part of dimensions r) there exists a coordinate system in which {8%}, {854, 52}, 
{84 51} are bases of I1*, II, Il’, respectively, where Il’, I1* are respectively 
the conjugate and the null part of Il, and 


a, B, ye L = (1.,..., 7), 

é,9, C6 M = (r+.,...,r+8), 

A, p,vEN = (r+s+].,...,n—r), 
tT,weE L’ = (n—r-+.,...,n). 

I proceed to show how the above coordinate system combined with 
the orthogonality properties of II and II’ leads naturally to Walker’s 
canonical form [(9.15) below] for the metric of the most general V, 
admitting a parallel (r+-s)-plane of nullity r. The main difference 
between my method and Walker’s in arriving at the canonical form lies 
in the initial coordinate system used. The above coordinate system used 
by me is slightly more general but much easier to establish than the 
initial coordinate system used by Walker [(9) 73-4; (10) 148-9]. 

Let ds? = g;,dxidx* be the metric of the V,, in the coordinate system 
described above. Since every vector in II is orthogonal to every vector 
in II’, and II* is the intersection of II and II’, each of the vectors in {8%} 
is orthogonal to itself and to every other, and the sets of vectors {6}}, 
{5}, {8;,} are mutually orthogonal. Therefore, 

Jap = 0= Jat = Jap = Gép- (9.1) 

A consequence of these is 

[det(g,..) Pdet(gz, )det(g,,) - det(g;,) x 0. 
Therefore, 
det(9,..) + 9, det(g,) ~ 9, det(g,,) # 0. (9.2) 
Since II with basis {5}, 5%} is parallel, we have, by Theorem 7.2, 

Tg.=0 (@6€L+M, ¢eN+L’).t (9.3) 
|, obtained from the fact that each of II’, II*, IU II’ 
with bases {Ai, Ai}, {Ai}, {Ai, Ab, Ai} is a parallel plane turn out to be conse- 


quences of (9.3) and (9.1) ; this is as it should be since the existence of the parallel 
plane II in V,, implies the existence of the parallel planes II’, II*, II U IT’. 


t Similar conditions on T 
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It is easy to see that on account of (9.1) and (9.2), conditions (9.3) are 
equivalent to 
[x, Ok] = gai Vox = Jaw VG, = 9, 
[v, 0k] = Jui Vox = Yuv PG t+-Ipw PG. = 9, 
i.e. Jak.6—Iok.« = 9, Iuk.0—Gox.p = 9, 
where [i, jk] are the Christoffel symbols of the first kind, and as usual 
a dot indicates ordinary partial differentiation. By letting 
k(eL+M+N-+L’) and @(€L+M) 
take all the possible values the above equations are seen to reduce to 
the following: 


Jin. =9=— Gen» Suv. = 9 = Duve (9.4) 
J aw. B—Ipw.« = 93 (9.5) 
Fuu.§—Gto.a=% Gyw.c—Iowp = 9; (9.6) 
Ipw.t—Géw.p = 9 (9.7) 
Equations (9.4) show that 

Fen = Yénl®s2"), uv = Juv(2", 2”). (9.8) 

Equations (9.5) show that functions f., exist such that 
Yao = Soae (9.9) 


Substitution of this in (9.6) gives 
0= Secet Glue = (fee. —Géw). a 
o= a ae me a a 
Therefore Jiw = Suet Gew Iu = Sevp+ Geos (9.10) 
where Gea = 9 = Guoae (9.11) 
On account of (9.10), equations (9.7) become G,,,, ¢ = Gzy.,- Hence it 
follows from Kahler’s lemma that 
Ge, = vg + Ky,,(28, 27) 


\ (9.12) 
G = Hy +Kiw(2, 27) J 


pw wp | **uw 
where, because of (9.11), - Hz. , =. (9.13) 


Using (9.1), (9.9), (9.10), (9.12), and (9.13), we now have 
ds** — 29,,,dx%dx”+ 29¢., datda” +-2g),.,dxda” 
= 2f,, ,dx%dx”+2f,, e+ Hy, e+Ke, (x5, x7)| datdae +- 
+2 foo pA Aes p+ Kye, 27)] daedae 
= 2(df.,—f,,.,da") dx” + 2(dH,,—H,,.,da7) dx” + 
4+ 2Kz,,(a$, a?) daédax® +- 2K Aa’, x7) dxtdx”. 











= © DM ei eo 
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Therefore 
ds? = ds**+-9¢, dxfdx4 Gu, dxtda” + 29,,,dx7da” 
2d(f..+-H,,) da” +ge,(x$, a7) dakda + 2K, (25, x7) dakda” + 
+Guy(@r, a7) datda” + 2K.,,.,(a%, x7) datda +- 
+ (Gerr—2fy.¢—2H,,.-) dada. 

Since, by (9.13), (9.9), and (9.2), 

det| (f,, + H,,)..| = det(f., .) = det(g,,..) # 9, 
the transformation 


=f. + 


n-r+aQ? 


gi =azt (i $a) (9.14) 
is non-singular. It defines a coordinate system (Z‘) in which 


ds? = 2 ¥ dexda—+>4 Ge, (#8, a) dt8dz1+ 2G ¢.,(k5, #7) dztda + 


+G, (tH, #7) dEdz” + 2G,,.,(H, E*) dzrdz"+-G,,,(£')dz™dz”. (9.15) 


This is Walker’s canonical form [(10) 148]. That {85}, {84,52}, {84,8),} 
in the coordinate system (Z*) are still bases of the parallel planes I1*, IT, II’ 
follows immediately from (9.14); this should also have been expected 
because the coordinate system of Theorem 7.1 has the freedom that the 
functions f*in #' = f' can be chosen arbitrarily but suitably [ cf. the proof 
of Theorem 7.1]. 


10. Even-dimensional ||, admitting two non-intersecting parallel 
null 3n-planes 
An example of J; a two non-intersecting parallel null 2-planes 
was given by Ruse 





229], who pointed out that the metric of such J, 
could not be easily aitied from his (and Walker’s) canonical form for 
the metric of the most general J, admitting a parallel null 2-plane. In 
this section, I shall give a characteristic property of even-dimensional V,, 
admitting two non-intersecting parallel null 4n-planes, and obtain as an 
application of Theorems 7.1 and 7.2 a canonical form for the metric of 
such J), 

We have seen in § 9 how a parallel plane II in V,, gives rise to the 
parallel planes Il’, 11* = 11 Il’, and IT UTI’. Let V,, admit two parallel 
planes Il, &, of nullity r, r’, and let Il, UII’, &, 2 U &’ be of dimen- 
sions r+-s, n—r, r’+8', n—1"’, respectively. Since II U II’ contains II*, 
and XU &’ contains &*, we have n—r >r, n—r’ Dr’, ie. r < 4n, 


’ 


r < tn. Ifthe planes II U Il’, & U &’ donot intersect, then we must have 











252 Y. C. WONG 


n—r+n—1r <n,ie.n <r+r’. This inequality combined withr < }n, 
r’ < 4n requires that n pa even and r = in = r’,s = 0 = 8’. Hence 

THEOREM 10.1. If a V,, admits two parallel planes Il and %, and if 
IL UII’, 2 U &’ do not intersect, then n is even and Il, X are (non-inter- 
secting) parallel null 4n-planes. 

Let an even-dimensional V, admit two non-intersecting parallel null 
4n-planes II and &. Then, from Theorem 7.1 (with r = 0, s = t = 4n), 
it follows that there exists in V,, a coordinate system in which {8%}, {3',} 
are bases of II, &, respectively, where and throughout this section 


£,n EM = (1.,..., $n); pve N = (4n+1.,..., n). 
In this coordinate system we have, by Theorem 7.2, 


ry, = 0 = Ty, (10.1) 
Moreover, since II and > are null, 
Jén = f= Juv: (10.2) 


On account of these, equations (10.1) are equivalent to 
[9, £k] = Gn Vee = Inu Ue = 9, 
[v, pk] = 9,0 mn = rt r= = 0, 
i.e. Inu.t—Gép.n = 9 Gob. p—Iut.v = 9- 
Therefore functions f,,, fz exist such that 


fut = ug = Yep = Sey: 
Hence, by Kahler’s lemma, 


w= Seu =Sity 
where f is some function of x‘. From these and (10.2) it follows that the 


Hence we have the following theorem: 


THEOREM 10.2. In an even-dimensional Riemannian V,, admitting two 
non-intersecting parallel null 4n-planes, there exists a coordinate system 
in which the metric of V, has the form 


ds* = 2f dada (€ = 1,...,4n; p= 4n+l,...,), (10.3) 
and {82}, {81,} are bases of these cere null 4n-planes. 


It is interesting to observe that (10.3) is the well-known Kahler 
metric in real variables (3).+ 


+ Theorem 10.2 has been given in a note by E. M. Patterson [J. of London 
Math. Soc. 28 (1953) 260-9] published since this paper was written. 
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CORRIGENDUM (received 24 September 1953) 


THE CHARACTERIZATION OF GENERALIZED 
CONVEX FUNCTIONS 
By F. F. BONSALL (Newcastle) 
(Quart. J. of Math. (Oxford) (2) 1 (1950), 100-11] 
The assertion of Theorem 3 Corollary (ii), repeated in Theorem 4, that 
f has a second derivative p.p. is false. In fact Corollary (ii) does not 
follow from Corollary (i), since the countable set where the first deriva- 
tive does not exist may have a derived set with positive measure. This 
error does not affect any other result in the paper. 








EIGENFUNCTION EXPANSIONS ASSOCIATED 
WITH PARTIAL DIFFERENTIAL 
EQUATIONS (IV) 

By E. C. TITCHMARSH (Ozford) 

[Received 14 February 1953] 


1. In the previous papers of this seriest I have considered the problem 
of the eigenfunction expansion associated with the partial differential 


eisai V+ (ale, y)}d = 0, (1.1) 
the region in which it holds being the whole (x, y)-plane. The object of 
this paper is to extend the theory to more general partial differential 
equations. 

Consider the equation 


A 5 ll 
—} p(x, y) - (x + {As(x, y)—q(x, y)}d = 0, (1.2) 
BaP) Beef + Gy PO) Buf + y)—4(x, y)jd 
where p, q, and s are given functions of x and y, and A is the eigenvalue 
parameter. This is self-adjoint in the sense that, if the left-hand side is 


denoted by Ld, then 
[ [bs Lbs dandy = | [ $oLpy deedy, 


for suitable functions ¢, and ¢,. This is easily verified by integration 
by parts. 

Now suppose that p(x,y) is positive and has continuous partial 
derivatives up to the second order. Let 


Wa, y) = (p(x, y)}*G(a, y). 
Then (1.2) reduces to 


Vyp+{A 83(x, y)—Gu(z, yp = 0, i 
said 1/@p @p\ 1 {/ep op\"\ 9 
where qi(z,y) = wlaat en ) wa(2) +(2) Jt p’ 


81(2,y) = s(x, y)/p(x, y). 
This is of the same form as before, but with p(x, y) = 1. Thus we shall 
actually consider 
V2b+ {A s(x, y)—q (x,y) = 0. (1.4) 
We shall suppose that g and s are continuous functions of x and y. 
The method by which (1.1) was treated in my paper (5) consisted in 


+ See list of references at the end. 


Quart. J. Math. Oxford (2), 4 (1953), 254-66. 








obta 
then 
infin 
prog 


(x,y 
on t 


We 


witl 


(1.4 


whe 


The 


If t 


Kn> 


if ¢ 
thi 


wh 
eq 


th 








OO 


ON EIGENFUNCTION EXPANSIONS 255 
obtaining the theory in the case where the (x, y)-region is a square, and 
then considering the limiting case as the side of the square tends to 
infinity. I shall indicate briefly how to carry out the corresponding 
programme in the case of (1.4). 


2. We first want to obtain the theory of (1.4) for a finite region of the 
(x, y)-plane, which we may take to be the square (0, 7; 0,7), with 4 = 0 
on the boundary. Suppose that in the square 


a(x, ¥) > % > 9, lq(x,y)| < qy. 
We derive the theory of (1.4) from that of 
V*b+{x—gq(x, y)}b = 0 (2.1) 


with the same region and boundary condition, and it is convenient that 
x = 0 should not be an eigenvalue in this problem. To ensure this, write 


_ Vp+{N'a(x, y)— Q(x, y)hb = 0, 
where nN’ = A+C, Q(x, y) = Cs(x,y)+9(2, y). 


Then q(x, y) is replaced by Q(z, y) in (2.1), and 
O(x,y) > C8—H.- 


If the eigenvalues and normalized eigenfunctions of (2.1) (with Q) are 
Kn> Xn» then 


-{f Bits) +(2) + Q(x, y)x3| dedy 


ox oy j 


a) | [ xbdedy = o9—a4 > 0 


if C > q,/89. We can therefore suppose without loss of generality that 
this is true for the original equation (2.1). 
Consider, as in (5), the equation 


V?O+- {A s(x, y)—q(x, y)}® = f(x,y), (2.2) 


where f is any function of L?. We want to construct a solution of this 
equation which vanishes round the boundary of the square. For this 
purpose we define a sequence of functions ®, (x, y), which vanish round 


n 


the boundary, and satisfy 


\V?—q(x, yj = f(x,y) | 
[ve q(x, y)}®, = f(x, y)—As(x, y)®, 1 (n =: 


to 
w 
: 
ll 
— 
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Let g(x, y, €, n, «) be the Green’s function associated with (2.1). The 
solutions of (2.3) are given by 


o | | g(x,y, €, 9, O)F(E, 9) dédy 
- (2.4) 


T7 


®, (x,y) = — | | o(e.y.8, 0, Of(E, n) ASE, 0) aE, n)} dy 
0 


. 


0 


To prove that the sequence converges, suppose that 


|®,,(x, y)— ®,,_1(«, y) | < bn 
throughout the square. Then 


Passe, y)—®,(,y)| < IAl8, [ | lgle.y,€,n, 0)|s(é, 9) dédn 
0 


oe 


<8, 


if |A| is small enough, since the integral on the right-hand side is bounded. 
It follows as in (5) that ®, (x, y) tends to a limit ®(x, y), which is a solution 
of (2.2), if |A| is small enough. 

We also have 


©,(2,y) = — | [ G,(x,y,€,9, fl, 0) dédn, 
0 


a 
where 


G(x, y, é, UE A) _ g(x, y,; é, > 0)+ 


+2 [ g(x,y,u,0,0 v, 0)g(u, v, €, n, 0)s(u, v) dudv, 
00 
and generally 
G(x, y, €, 9.) 
mex g(x,y, £,9,0)+A | | g(x,y, u,v, 0)G,,a(w, v, €, 9, A)s(u, 0) dudv. 
00 
It can be shown as before that G,(x,y,é,7,A) converges to a limit 


G(x,y,&,7,A) if |A| is small enough. This defines the Green’s function 
for the equation (1.4) in the square. We also have 


D(x, y,A 


—a 


[ [ G@y& arf n) dédy 


if |A| is small enough. 
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We next prove as in (5) that 


wT 7 


(A—A’) | | G(x, y, u,v, GEE, 7, u, v,2’)s(u, v) dudv 


00 
= G(x,y, £9, N—Aa,y,€, 9,0), 
and that, if G™ — e"G/er”, 


G(x, y,€&,n,A) =n { { Ge-D(x, y, u,v, A)G(E, n, u, v, A)s(u, v) dudv. 
0 0 


From this we deduce that, if A = p+, 
; ; fleas us 
| j M(x, y,A)\?8(x, y) dady < dey. 
0 


Proceeding as before, we obtain the sii 
GM (a, y, €, n, A)|? 

“a aw a ce 
An y | | |G(ax, y, u,v, A)\*s(u, v) dudv } | |G(E, n, u, v, A) |2s(u, v) dudv. 


0 0 0 0 
Suppose now that G(x, y, €,7,A) is regular in the circle |A| < R. Let 
\’ = p'+ iv’ be a point in the upper half of the circle, and expand 
G(x, y, €,n,A) in powers of A—A’. As in (5), the radius of convergence of 
the expansion is at least v’, i.e. the expansion converges at least in the 
circle with centre A’ touching the real axis. It is easily seen in this way 
that G(x, y, €,, A) can be continued analytically over the whole A-plane, 
except for the real axis from R to o 
The theory now proceeds in the same manner as before. The function 

G(x, y, €, n,A) has poles at certain points A,,, the residues being multiples 
of the eigenfunctions y,,(x,y). These are orthogonal in the sense that 

a7 

| | wb, (x, yb, (x, y)s(a, y) dady = 0 (m #7), 

0 0 
and they may be normalized so that this integral is 1 ifm =n. Corre- 
sponding to any function f(x,y), we write 

7 7 
Cy = | | f(x ybulx, y)s(x, y) dardy. 
0 0 

The expansion formula is then 


flesy) = ¥ cndalx.y)s 


3695 .2.4 Ss 
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and the Parseval formula is 


f { fle.y)} 2s(a,y) dady = 34 


0 0 


3. To define the Green’s function in the case of the whole plane, we 
proceed as in § 11 of (5). Extending the above analysis by a change of 
variable to the square (—b,b;—b,b), we distinguish the functions 
relating to this square by a suffix b. We have 

b »b 








b b r \1 

K a4 2 
| | Gi (Xo. Yo: Ys AS (x, y) dady | < atl } a day) ; 
oo Sb , 


where K is independent of b. Taking f(a, y) = Gy(2, Yo. @. y.A)s(x. y), we 
obtain xs K? 
. 2 se a 
| | \G@ul%o, Yo. 2. y.A)|?8(a, y) dady = =* 
hat 


From this point the proof proceeds as before. We obtain a Green's 


function G(x», ¥y, 2. y,A) for the whole plane with the same properties as | 


before, except that (11.10) of (5) is replaced by 


[ | G(x, y, €, 7, A)\*s(v, y) dady << x 


4. The problem of the uniqueness of the Green’s function of (1.1) has 
been considered by me (3) and by Sears (2), the final result being that 
it is unique if g(x,y) > —Q(r), where r = ,/(x?+-y?), Q(r) is positive, 


[ (an}- 
is divergent, and some subsidiary conditions are satisfied. It will now 
be proved that the Green’s function of (1.4) is unique if there are functions 
S(r), Q(r) such that 
s(u,y) > S(r), gy) 2 — QA"), 
where S(r) > 0, Q(r) > 6 > 0, S’(r) and Q’(r) are continuous, 
S'(r) = O{S(r), —- Q(r) = O[{Q(r)}], 
QY(r)/S(r) > co as r > 00, and 


ao 


| S(r)fQ(r)}-2 dr 


is divergent. 
The proof is a straightforward extension of that which applies to 


f 
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(1.1). Suppose that G,(x,y,&,,A) and G,(x,y,&,,A) both satisfy the 
conditions for a Green’s function of (1.4), and let 
g(x,y) = G(x, y, €, n, A)— G(x, y, €, n, A) 
for given €, y, and A with A= p+, v > 0. If (r,@) are the polar co- 
ordinates corresponding to (x, y), we write g(x,y) = g[r, 8], and similarly 
for other functions. Then 


( [ glr,9|\*s[r, O|r drd@ < a. (4.1) 


As in § 4 of (3), 


| g|r,@|\*s[r, O|r drdé - ; | im{g| R,O\J,{ R.6||}R dé, (4.2) 
. . V * 
r<R 0 


where the suffix denotes partial differentiation. Let f(r) be any integrable 


function, and R 
F(R) | f(r) dr. 
0 
Multiplying (4.2) by f(r) and integrating over r < 7’, we obtain, as 
T > 0, 


| | {F(7)—F(r)} lr. O])2s[r, O]r dra "| { imigg,yfeyr dra 
3 


r 7 r T 


sa 7. ] 
O} [[ gitsr dra | | \g,)2f%s-%r dra! 


r "”" r<7 
{ a, \3 

Or ff gelr UPON S() drd8 (4.3) 
ees 


by (4.1). 

If g[r, | is not identically zero, there are positive constants K, R, 
such that 
| { ig{r.0]|2s[r, Or drdd > K (R> R,). 

r<R 
Multiplying by f(R) and integrating over (Ry, 7’), we obtain 
K{F(T)—F(R,y)} < | { {F(T)—F(r)}\gfr. 0] |2s[r, Or ddd. 
op 

Iff(r) can be chosen so that the integral (4.3) is bounded, while F(7’) +20, 
we shall obtain a contradiction. 
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If d(r) is any positive function with a continuous derivative, 


I | (14 (n)gV2g dedy 
=~ [Jf [al —a}] +paa((— 2} a 


=— J (-g}ee M\Gxl?+ |\9y|*) dady +7, 7 | | ad dedy 


— [J (\—p)o'd, dey 


r<T 


Since V*¢ = (q—As)g, we obtain, on taking real parts, 


[ [ (1 — 7) 6M igel*+ Igy|2) dedy 


= — {| (1— 5} 6er\a—na) 91% drd6-+- 
r<T 
= | | $(r)(99,+99,)r drdd—4 JI | (1— 5)" 0a,+ do.) drdé. 
r<T < 


Since gel2+l9y|2 = |g, en 
it follows that 


I (1— pani, deminsiie {| ( — 6s) drd@ + 
r<T 


Tr: 


+39 n+ rade + daz drdo— 4 [ { (1—Z) $+ dr ara 


. 


rs 





= J, +d,+d3, 


J, < SiC — 7) 60H +o lig 2sr drd@ = O(1) 
). 


if d(r) = S(r)/Q(r). Also 


27 
S(T) . (Str) rs mah rS(r)Q'(r) \ 
dg sm mame 6|\? dé — - 2 am woantgieeees ED 
2a | at, aT 7] J amt Gr) | 


by integration by parts. The last integral is 


say. Now 


of J Ig ?8(r)r ars} = of J J ig |2s[r, Or ards] = O(1). 
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The first term on the right is bounded for some arbitrarily large values 
of 7’, since on omitting Q(7'), replacing S(7') by s[7', 6], multiplying 
by 7' and integrating, we obtain a bounded integral, by (4.1). Hence J, 
is bounded for such values of 7’. 

In J, we use the inequality 2\ab| < a*+-5?, with 
a* = |g,|*8Q-*, b? = \g\2(S’Q+Q’S)?S-1Q-3. 

We obtain 


{\9,\?S 2(S'O+Q'S)?\_ 1 
ta sf{ (15) yt! CaN ln dvd. 
T 





SQ 
The last term is of [ [ \g\?Sr ard) = O(1) 
r<T 
as before. Hence 


| | (1- ro 9,|2r drdd < : | | (2 —76 \g,|2r drd8 + O(1), 
r<T r<T 
| | (1- a \g,|2r drd@ = O()). 


On taking f(r) sientown-, the result stated follows. 


5. The next problem to be considered is that of the discreteness of 
the spectrum of (1.4). A condition that the spectrum of (1.1) should be 
discrete is that q(#,y) > 00 as r = ./(x?+-y?) > 00 [see (4)]. The corre- 
sponding condition for (1.4) is that q(x, y)/s(x, y) > 0. We shall prove 
this, subject to the condition that s(z,y) = O(r*) for some positive k. 
It seems likely that the result holds more generally, but the method 
used here (comparison with Bessel-function cases) requires this con- 
dition. A possible application of quite a different method has been 
noted by Friedrichs (1). 

Consider first a finite region, which may be taken to be the circle r < a, 
with boundary condition ¢ = 0 on r = a. In this case the spectrum of 
(1.4) is discrete. Let the eigenvalues be A We then have the following 


—_— 
theorems: 
(i) Let a < b, and let X 
problem with radius b. Then Xr, 4 > An» 
(ii) Let p,,,, denote the pl a in the problem with the same a and 
s(v,y), but g(x,y) replaced by Q(x,y), where Q(x,y) < g(x,y). Then 
A > Un q for each n. 


na 


Gencte “ eigenvalues in the corresponding 


nb 


for each n. 
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(iii) Let p,,,, denote the eigenvalues in the problem with the same a and ) 
q(x.y), but s(x,y) replaced by S(x,y), where S(x,y) > s(x,y). Then sin 
Mex Z En,a if Ena = 0. 


Theorem (i) is a case of Theorem 3 of Courant and Hilbert, Methoden 
der Math. Physik (1), ch. VI §2, and Theorems (ii) and (iii) are cases 
of Theorem 7 of the same section. 

We also require the following theorem. 


(iv) Let X,, denote the eigenvalues in the problem in which He 





V5y-+Aa(a, ys = 0 ene (5.1) 7 
Vp+(A—y)s(x, yp =0 (ar <b)f & bs 


where y is a positive constant, and 4 = 0 onr = b. Let pw, denote the 
eigenvalues in the corresponding problem in which s(x,y) is replaced by 
S(x,y), where S(x,y) > s(x,y). Then r,, > p, provided that p,, > y. 


If y = 0, this is a case of (iii). To prove it generally, we recall the 
following formulae in the theory of (1.4). Let %,(x,y) be the eigen- | 4, 
function corresponding to A, in the problem of (5.1), let f(x,y) be any 
function of L*, and 


= || fb, s dxdy. 


r: b TI 
If f has partial derivatives up to the second order, let ‘ 
0 
f*(x.y) = (qf-Vf)/s, ck = | | f*,, 8 daxdy. 
r<b 


If f = 0 onr = b, we have 


[ [ (fV*b,—, V*f) dady a= G, 





r<b 
i.e. ( [ {f(iq—aA, 8)\¢,—,(af—sf *)} dady = 0, ” 
r<b 
whence 2 =: A. 4... 
Let Dif) = | [ PE+S9+4f*) dey. 
r<b 
Then D(f) - = ff ( | (qf?—fV?f) dady = iH} Sf *s dady. 
r<b pA 
Hence the Parseval formula gives fo 
Dif) = Dd e008: * => A,,c2 





aceite 
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Now apply these formulae to (5.1), and let ,,, x,(x,y), d,, D(/) refer 
similarly to the problem involving S(x,y). Then 

D(f) = | { (F242) dedy+y [[ sf? dxdy, 

J} : 


r a=<rcb 


Dif) = [[ (f2+f2) dedy +y [[ Sf? dedy. 


r acrab 


Hence D(f)—D(f)=y ( { (S—s) f? dady. 


axr<b 
First let f = yo. Then D(f) = Ay, and 


D(f) > Made > te > = te | | Sy dady 
n 0 n 0 r. ‘hb 
HoT Ko (S—s)bp dxdy. 
r<b 
Hence 
Ag Hy > Bo | | (S—s)b§ dxdy—y || (S—s)p§ dady. 
ax<r b 


r<b 
This is not negative if u, > y. and so the result follows in the case n — 0. 
Ho y 
Next let f = coy +c, ¥,, where c§+-c? = 1, and where the ratio of c, 


to c, is determined so that d, = 0. Then 


Df) = dyed Ae < Aled +t) = dy 


Dif) = > pnd? > wy ¥ =m, [f Sf? dedy, 


n=1 n=1 r<b 


and it follows as before that A, > p, if ~, > 0; and so generally. 


6. Now consider (1.4), and suppose that q(x, y)/s(x,y) > 0. This 
implies that q(x, y) > 0 except possibly in a bounded region, and, as in 
§ 2, by a change of the A-origin we can suppose that q(x, y) > 0 for all 
(x,y). Let y be a given positive number, and let q(x, y) > ys(x,y) for 
r>a. 

Let b > a, and let A,,,, denote the eigenvalues in the problem of (1.4) 
for r < b, with ¢ = 0 onr = b. Let p,,, denote the eigenvalues in the 
problem of (5.1) with y = 0 on r = b. Then, by (ii) of § 5, A,, > wn» 


for each n. 
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Let s(z,y) < S(r). Let v,,, denote the eigenvalues in the problem of 

VY+AS(ryp=0 (r<a) 

V¥p+A—y)Sir)yp=0 (acr<b)f 

Then, by (iv) of § 5, u,, > v,,, provided that v,, > y. 

Suppose that the number N of numbers v,,, not exceeding y is inde- 
pendent of b, if b is large enough. Then, for large enough b, 


(6.1) 


Yon Sp Se SYyy VY < Py 
Hence py 41, Hy+op>--- are greater than y, and so the number of eigen- 
values u,, which do not exceed y is at most N. This is therefore also 
true of the eigenvalues d,, ,.. 

As b tends steadily to infinity, each 4,,, decreases, by (i) of § 5, and it 
follows as in § 2 of (4) that the spectrum in the problem of (1.4) in the 
whole plane is discrete for A < y, there being at most N eigenvalues less 
than y. Since y is arbitrary, the spectrum in this problem is actually 
discrete over the whole A-range. 

The problem is thus reduced to that of the eigenvalues of (6.1). In 
polar coordinates, these equations are 


Fg OO be 6 6 <o), (6.2) 


er. rar | 7 6? 


The eigenfunctions are of the form 


ob = x(r) i, "4 (w == ©, I....), 
zy 
where ot ce WXTASy = =0 (r<a), ete. 
On putting x = S-ir-tw, p= [ es)! dt 


0 
these equations become 
,s8* FF 
———s ——— |W = 
dp a+(A — 487 16 S38 Sr? 
dw A a a se 
where p = «, B ‘ideal tor =a, b. 


7. Suppose first that s(x, y) is bounded, say s(z,y) < 1. Then we may 
take S(r) = 1 in the above equations, p = r, and 





2 Sis 
Tat" =#)w = 0 (0<p<a) 


p 
a? n2— 
at (-r—=ylle=0 <p <p) 
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If n?—} > yo?, the coefficient of w in each equation is negative for 
A < y, and so there are no eigenvalues in this range. Otherwise an 
eigenfunction is (apart from a normalizing factor) 
w(p) _f{Inrlpva) (0< p<a), 
| Alf, (y—A)}+ BK, {py (y—A)} (x < p < B), 
where, from the continuity of w and w’ at p = a, 
A = al vad}, (ava) K, for/(y—A)}—/(y—A) J, (ava) Ky fon/(y—A)}], 
B= —o{ vad}, (ava) LI, fo/(y—A)}— (yA) J, (ava) Tp fora) (y—A)} ]- 
The condition w(f) = 0 then gives 
VAT in (ava) K, for (y— A)}—V(y—A)J, (aA) K 7, {or4/( (a A)} — K, {By (y—A)} 
NAS; n(aVA)L, {oxs/ (y— A)}—v(y—A) Jnl (aA) Tinka ( a A)} LAB (y—A)} 
(7.2) 
and the eigenvalues are the roots of these equations for 0 < n < ,/(ya?+}). 
Suppose first that n > 0. Then, as A > y, the left-hand sidey 


—— avyd)(avy)+ nd, (avy) 
2na2"(y—A)" avyd)(avy)—nd, (avy)’ 








and we can suppose, by choice of a, that the coefficient of (y—A)-" is not 
0 or co. Hence there is an interval (y—5, y), independent of B, in which 
the modulus of the left-hand side of (7.2) is greater than A(y—A)-". 
Also x?"K,,(x)/I,,(2) is bounded for all positive x, and so the right-hand 
side of (7.2) is less than 
AB-2"(y—A)-. 
There are therefore no roots in the interval (y—8, y) if B is large enough. 
If n = 0, the left-hand side of (7.2) 


asA—>y. If B,/(y—A) < 1, the right-hand side is less than 
halite d)-2—log B+ O(1 
Hence there are no roots in this case if 8 is nan enough. We can also 
suppose the interval (y—5,y) to be chosen so that the modulus of the 
left-hand side exceeds max K,(x)/J,(x), and so there are no roots here 
221 
either: 

It was shown in (4) that the number of roots in any given interval 
Ay < A < y—8 is ultimately independent of 8. Thus the total number 
of eigenvalues of (6.1) less than y is bounded as b > oo. This gives the 
desired result on the discreteness of the spectrum if s(z,y) < 1. 


+ See Watson, Theory of Bessel Functions, § 3.7 (2), § 3.71 (14), (15). 
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8. Suppose next that s(z,y) = O(r*) as roo, where k is a given 
positive number. We may suppose that 


s(zy) <1 (O<r<}l), a(z,y¥) << r* (r > 1). 
Let S(r)=1 (0<r<)), S(r) 
Then 
p=r (0<r<l), p=14(gk+1)¢H4—1) (r > 1). 
Supposing that « > 1, (6.3) then gives 


2 ae 
atl" ‘Nu = 0 (0<p<}), 


2 a 





where oe seatoes: dia ccc 
7 re Po E43 

The discussion of these equations follows the same lines as that of 
(7.1), and the same result as before is obtained. In fact it seems likely 
that no restriction on s(x,y) is necessary for the result, but, if there is 
no restriction, the line of proof given here runs into difficulties. 
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INDUCTIVE DIMENSION OF COMPLETELY 
NORMAL SPACES 


By C. H. DOWKER (London) 


[Received 13 March 1953] 


UsrnG the dimension defined inductively in terms of closed sets, I show 
that in a completely normal space the dimension of the union of two 
disjoint sets, one of which is closed, is at most equal to the greatest of 
their dimensions. A corresponding theorem is proved for a countable 
union of disjoint sets. It follows that in completely normal spaces the 
subset theorem implies the sum theorem. The subset theorem and the 
open subset theorem are shown to be equivalent. Therefore (Theorem 1) 
the sum and subset theorems hold for any completely normal space in 
which the dimension of a set A is never less than the dimension of a 
relatively open subset of A. 

E. Cech (3) extended the sum and subset theorems from separable 
metric spaces to perfectly normal spaces. I introduce a new class of 
normal spaces, intermediate between completely normal and perfectly 
normal, which I call totally normal. A normal space X is totally normal 
if each open set G of X has a locally finite covering by open subsets 
each of which is an F, set of X. The totally normal spaces include the 
hereditarily paracompact Hausdorff spaces as well as the perfectly 
normal spaces. It is shown that the open subset theorem and hence the 
subset theorem and sum theorem hold for totally normal spaces. The 
covering theorem of Cech also holds for totally normal spaces. 

The open subset theorem does not hold for all normal Hausdorff spaces 
nor for all completely normal spaces. The question of whether it holds 
for all completely normal Hausdorff spaces is still undecided. 


1. Definitions and known theorems 

A space X is called normal if for each pair of disjoint closed sets Z and 
F of X there exist disjoint open sets U and V with Ec U and Fc V. 
It is no restriction on the space X to require also that the closures U and 
V of U and V should be disjoint or that the open sets U and V should 
be F. sets, i.e. countable unions of closed sets. A space X is called 
completely normal if every subset of X is a normal space. Clearly every 
subset of a completely normal space is completely normal. 


Quart. J. Math. Oxford (2), 4 (1953), 267-81. 
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[1.1] If every open subset of a space X is a normal space, X is completely 
normal. 


Proof. Let every open subset of X be normal and let A be an arbitrary 
subset of X. Let EH and F be any two disjoint sets closed in A. Let 
G = X—En F, E, = ENG, and F, = FG. Then Ac G, G is open 
and hence normal, and £, and F, are disjoint closed sets of G. Hence 


there exist disjoint open sets U, and V, of G with EZ, c U, and F,c J. 


Let U = U,N A and V = Vy, A; then U and V are open in A, Ec U, 
FcV and UNV =0. Therefore A is normal. Therefore X is com- 
pletely normal. 

The inductive dimension of a space X, Ind X, is defined inductively 
as follows. If X is the empty set, IndX = —1. For n= 0, 1.,.., 
Ind X < nm means that for every open set G containing E there is an 
open set U with EF c Uc Gand Ind(U—U) < n—1. Ind X = ow means 
that there is no n for which Ind X < n. 


[1.2] If A is any closed subset of a space X, Ind A < Ind X. 


Proof.+ It is sufficient to show that, if Ind X < n, then IndA < 
This is trivially true for dimension —1 and we assume it true for phaai 
sion n—1. Let IndX < n, let A be closed in X, and let Ec Gc A with 
E closed in A and G open in A. Then £ is closed in X and there exists 
G, open in X with G,N A = G, and hence with Ec G,. Hence there 
exists U, open in X with Ec U,cG, and Ind(U,—U,) < n—1. Let 
U = U, A, then Uisopenin A and Ec Uc G. Then U c U,, and hence 

On A—UcU,nNA—U =0,N A—U,NA = (0,-U,)NAcO,—U,. 
And U n A—U is closed in A, hence in X and in U,—U,. Hence, by the 
induction hypothesis, Ind(U n A—U) < n—1. Therefore IndA < n, 
as was to be shown. 


: 3| Ind X < n is equivalent to the following condition on X: 


) Lf Ec Gc X with E closed and G open, then X is the union of three 
Phe sets U, V,and C with U and V open, Ec UcG a IndC < n—l. 

Proof. If there exists U with Ec Uc @ and Ind(U—U) < n—1, we 
set C = U—U and V = X—U. Then U, V, and ©€ are disjoint, 
X = UUVUGC, U and V are open, and IndC < n—1. 

If, on the other hand, X is the union of disjoint sets U, V, and C with 
U and V open, Ec Uc Gand IndC < n—1, then U is contained in the 
closed set U U C and hence U—U c C. Therefore, since 0 —U is closed, 
Ind(U—U) < IndC < n—1. 


+ See Cech (3), proposition 16.2. 
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[1.4] If X is normal, Ind X < n is equivalent to the following condition: 


(8) If E and F are disjoint closed sets of X, then X is the union of 
disjoint sets U, V, and C with U and V open, Ec U, Fc V, and 


Ind C < n—1. 


Proof.+ It is sufficient to show that conditions (a) and (8) are equiva- 
lent when X is normal. First let («) be satisfied and let H and F be 
disjoint closed sets of X. Since X is normal, there exists an open set G 
such that Ec Gc GcX—F. Then, by (a), X is the union of disjoint 
sets U, V, and C with U and V open, Ec Uc G, and IndC < n—l. 
Since Uc G, 0c Gc X—F and hence Fc X—U = V. Thus (f) is 
satisfied. 

Conversely let (8) be satisfied and let HE c Gc X with E closed and 
G open. Let F = X—G; then £ and F are closed and disjoint. Hence, 
by (8), X is the union of disjoint sets U, V, and C with U and V open, 
Ec U,FcV,andIndC < n—1. Since X—G = Fc Vc X~—U, there- 
fore U c G. Thus («) is satisfied. 


2. Sum theorem for disjoint sets 

In the following lemma I show that, if a completely normal space Y 
is the union of a sequence { D,} of disjoint sets such that the partial unions 
UD, are closed in Y, then IndY <supIndD,. In particular, if 
jei 


Y = D,U D, with D,N D, = 0 and D, closed, then 
Ind Y < max(Ind D,, Ind D,). 


This lemma does not extend to arbitrary normal spaces. O. V. 
Lokutzievski (5) has given an example of a space S and a closed subset 
S, such that S, S,, and S—S, are normal, Ind S, = 1, Ind(S—S,) = 1 
but Ind S = 2. 


[2.1] Let Y; (i = 1, 2,...) be open sets in a completely normal space Y 
such that Y = Y, 2 Y,25..., N Y, = 0 and, for each i, Ind(Y;—Y;,,) < n. 
i=l 
Then IndY < n. 


Proof. This is trivially true for dimension —1 and we assume it true 
for dimension n—1. Let E and F be any two disjoint closed sets of Y. 
Since Y is normal, there exist open sets U, and Y, with Ec Uj, F ch, 
and 0, nk, = 0. 


+ See Cech (3), § 18. Condition (8) is closely related to the original definition 
of dimension by L. E. J. Brouwer (2). 
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Let D, = Y;—Y;,,. We construct disjoint sets U;, V;, and C; for 
i = 1, 2.,..., with U; and V; open in Y; and hence open in Y and with 
O,cD,cU,uKUC, Indo, < n—1, U,V, nY,,,=0, U,20,_,0Y,, 
and V,> V;,_, 1 Y,. 

We already have the sets U, and },, and, assuming U;,_, and V;_, have 
been constructed so that U,_, V,_, Y; = 0, we construct the sets [ 
V;, and C; as follows. 

The sets U,_,9 D, and V,_, 9 D, are disjoint and closed in D, and 
Ind D, < n. Hence D, is the union of disjoint sets G;, H;, and C;, with 
G, and H,; open in D, and with U,_,9 Dc G,, V,.9 D,c H; and 
Ind C; < n—1. Then C; is closed in D, = Y;—Y;,,, which is closed in Y;; 
hence Y;—C; is open in Y; and hence open in Y. 


i? 


The sets G; and H; are closed in D,—C; and hence closed in Y;—C;. 
Let E, = (U,_,U G,)N (¥,—C;) and F, = (V,_, U H,) n (Y¥,—C;,), then E; 
and F, are closed sets of ¥,—C;. Since V;_,.9 D,c H; and G;c D,—H,, 
therefore V,_, 9 G; = 0, and similarly U,;_, H; = 0. Hence, since 


U,_,0V,_,0 (¥,—-C,)c U,_,0V,,NY,=0 and G,NH, = 90, 


E, and F;, are disjoint. 

Since Y is completely normal, Y;—C; is normal. Hence there exist 
sets U; and V; open in Y;—C; and hence open in Y such that £; c U;, 
F,c V;,and U;N V; = 0 and such that, moreover, U;9 VN (¥;—C;) = 0. 
Then U;N V,9 Y;,, = 0, and, since U; and JV; are disjoint and contained 
in Y;—C,, the sets U;, V,, and C; are disjoint. 

Since D, = G,;UH,UC,; and G,;c E;c U; and H;c F,c V,, therefore 
C,c D,c U;UV,UC;. Since U;_,9 D,c G;, therefore U;_, C; = 0 and 
hence U;_, NY, = U;_, 9 (¥;—C;,) c E; c U;. Similarly V, > V,_, 0 Y;. Thus 
the sets U;, V;, and C; have the required properties. 

Let U = U U, V= U y, = U C;, and C = Z, = UG, Then 

i= v I=% J 
the sets U’ and V are unions of open sets and hence open; and 
EcUcU and FcKcV. 
Every point of Y is in some P,, hence in U;,, V;, or C; and hence in U’, J 
or C;: thus YcUvUVUC. 

Ifi<j, U,;NY;c U; and V;N Y;cV;. Therefore U;NV;c U;NV; = 0 

and U;NV,c U; NV; = 0, and hence UN V = 0. Ifi <j, 
oo _ 
U,NA EC; cC U;NE; = 0 
and, if i > j, since U; c Y;, U; NC; c¥,N C; = 0. Hence UN C = 0 and 
similarly VN C = 0. Thus the sets U, V, and C are disjoint. 
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As a subset of a completely normal space, C is completely normal. 
Each Z, = CY; is open in C, Z;> Z;_, and 


v 
NZ:cNY,; = 0. 
i=1 i=1 
We have Z; = U CO, = C,U Bj, and, for i <j, O,NC;cC,N ¥, = 0 
) u 


and hence C;9 Z;,, = 0. Therefore C; = Z;,—Z;,, and 


Ind(Z;— Z;,,) = IndC; < n—1. 


u 
Therefore, by the induction hypothesis, Ind C < n—1. Thus condition 
(8) is satisfied and Ind Y < n, as was to be shown. 
[2.2] If A is a closed subset of a completely normal space Y and if 
Ind A < n and Ind(Y—A) < n, then IndY < n. 
Proof. Let Y, = Y, Y, = Y—A, and ¥, = Y,=...= 0. Then 


Y=¥,2¥%2%>.., Ny,=0, 


and Ind(Y¥,—Y,) = IndA <n, Ind(¥,—Y;) = Ind(Y—A) <n, and, 
for i > 3, Ind(Y;—Y;.,) = —l1<n. Therefore, by [2.1], IndY < n. 


3. Consequences of the open subset theorem 

In order to discuss the relations between the subset theorem, the 
open subset theorem, and the sum theorem, we consider the following 
conditions which a space X may satisfy. 

(a,) If BC AcX and IndA < n, then Ind B < n. 

(b,,) If Gc Ac X with G open in A and IndA < n, then IndG < n. 

(c,) If A= BU Cc X with Bclosed in A, Ind B < nand IndC < n, 
then IndA < n. 


(d,) If A = U A, c X with each A; closed in A and Ind A; < n, then 
i=1 


t 


IndA < n. 

If Y c X and X satisfies condition (a,,) [or (b,,), (c,), (d,)|, then Y also 
satisfies (a,) [or (b,), (¢,), (d,)]. 

Clearly (a,,) implies (6,,). 

[3.1] If a space X satisfies (a,_,) and (b,,), then it satisfies (a,). 

Proof. Let X satisfy conditions (a,_,) and (b,), let Bc AcX, and 
let IndA <n. Let Ec Gc B with E closed in B and G open in B. 
Then there exist 2, closed in A and G, open in A with 2,9 B = E and 
GNAB=G. Let H = (A—E#,)UG,, then H3(B—E)UG=B. By 
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(b,,), since H is open in A, IndH <n. We have #,9 H closed in H, 
G, open in H, and 

E,NH = E,N[(A—£,) UG] = BN Gc G,. 





Therefore, since IndH < n, there exists U, open in H with 
E,NHcU,cG, and Ind(U,n H—U) < n—1. 

Let VU = U,N B. Then E= E,N BcCE,NH CU, and Ec B; hence 
EcU. AndU = U,N BcG,0 B= G;thus Ec Uc G. The boundary 
of U in Bis 

Un B—U = Un B—U,N BcU,n B—U,N B= (U,—U) NB, 
and, since Bc H, 
(O,-U,) 0 B= (O6,N H-U,)NBcU,nH-U, 


Therefore, by (a,-,), Ind(0 n B—U) < n—1. Thus Ind B < n, and 
condition (a,,) is satisfied. This completes the proof. 

Thus we have the implications: (a,_,)+(b,) > (a,) > (6,). The 
condition (a_,) is trivially satisfied. Hence, if (b,,) is satisfied for every n, 
(a,,) is also satisfied for every n. Thus the open subset theorem implies 
the subset theorem. 

[3.2] If X is completely normal, (b,,) implies (c,). 

Proof. Let X be a completely normal space satisfying (b,,) and let 
A= BUCc X with B closed in A, and with Ind B < nand IndC < n. 
Since B is closed in A, A—B is open in A, hence open in C, and hence, 
by (6,,), Ind(A—B) < n. Since X is completely normal, so is A; and B 
is closed in A, IndB<vn and Ind(A—B) <n. Hence, by [2.2], 
Ind A < n. Thus condition (c,,) is satisfied. 


[3.3] If X is completely normal, (b,,) implies (d,.). 
she Let X be a completely normal space satisfying (b,) and let 
A= U A,c X with A; closed in A and Ind A; < n. Let D, = A; — U 4;; 


j<t 


then 
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then Y; > Y;,, and 
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Since LJ A; is closed in A, D, is open in A; and Y; is open in A. Then, 
I<0 


by (b,), Ind D; < n. The sets D, are disjoint and 
¥,= U D; = DU 41. 
Hence D, = Y;—Y;,,. Therefore Ind(Y;—Y;,,) <n. Since Ac X, A is 
completely normal. Therefore, by [2.1], Ind A < n. Thus condition (d,,) 
is satisfied. 
Thus the open subset theorem implies the sum theorem for completely 
normal spaces. 


THEOREM 1. Jf X is a completely normal space satisfying condition 
(b,,) for all n, then X also satisfies (a,,), (c,,), and (d,) for all n. 


Proof. Vhis follows from [3.1], [3.2], and [3.3]. 


4. Totally normal spaces 

I introduce a class of normal spaces for which the subset theorem and 
sum theorem of inductive dimension can be shown to hold. 

Definition. A space X is called totally normal if it is normal and if each 
open set G of X is the union of a collection {G,}, locally finite in G, of 
open F,, sets of X. 

It will be shown that perfectly normal spaces are totally normal and 
totally normal spaces are completely normal. 


[4.1] Perfectly normal spaces are totally normal. 


Proof. Each open set G of a perfectly normal space X is an F, set of X. 
Thus the collection {G,} of open F, sets covering G may consist of the 
one set G. 

[4.2] Hereditarily paracompact Hausdorff spaces are totally normal. 


Proof. Let X be an hereditarily paracompact Hausdorff space and 
let G be an open set in X. Then X and G are normal Hausdorff spaces (4). 
Then X is regular and hence each point x of G is contained in an open 
set U, whose closure U,, is contained in G. The sets U, form a covering 
of the paracompact space G; hence there is a locally finite refinement {V,} 
of the covering by the sets U,. Then (4) there is a covering {F,} of G by 
closed sets of G such that F, c V,. Hence, since G@ is normal, there exist 
open F, sets G, of G with F,c G, c V,. Since G = LU F, and F,c G,cG, 
therefore G = [LJ G,. Since G, c V, and {V,} is locally finite in G, there- 
fore {@,} is locally finite in G. Since G, is open in the open set G, it is 
open in X. Since G, is an F, set in G and, for some z, G,cV,cU,cG, 
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therefore G, is an F, set of the closed set V, of X and hence is an F, 
set of X. Thus the space X is totally normal. 

Let us consider the following two conditions on an open set G of a 
space X. 

(h) Gis the union of a collection, locally finite in G, of open F, sets of X. 

(k) For each i = 1, 2,..., there is a collection {W,,}, locally finite in G, 
of disjoint open sets and a corresponding collection {F;,} of closed sets 


of X such that F,, c W;, c G and such that U U F,,. = G. 
i=1 a 
The condition (h) is satisfied by open sets of totally normal spaces. 
[4.3] For an open set G of a normal space X the conditions (h) and (k) 
are equivalent. 


Proof. (h) — (k). Let G be an open set of a normal space X and let 
G = U G,, where {G,} is locally finite in G and each G, is an open F, 
set of X. Then there is a continuous function f, (0 < f,(x) < 1) such 
that f,(z) > 0 if and only if x € Gy. 

Let the indices « be well ordered and let 


Wix = {x |f.(a) > ((+1)-1, f(x) < (¢+1)* for all B < a}. 
Then from the local finiteness of {G,} in G it follows that W;,, is open in 
G and hence in X. Since W,, c G, and {G,} is locally finite in G, there- 
fore, for each i, {W;,} is locally finite in G. Clearly, if 8 < «, then 
Wie 1 Wig = 0. 

Let F,, = {x |f,(x) > 1/i, « ¢ Gg for B < a}. Then F,, is closed in X 
and F,,c W;,c G. If xe G, let G, be the first set of the covering {G,} 
of G which contains x. Then f,(x) > 0 and hence, for some i, f(x) > 1/1 
while x ¢ Gg for 8B < a; hence xe F,,. Thus U U F,,. = G. Thus con- 

i=1 « 


dition (k) is satisfied. 
(k) + (h). Let G be an openset of a normal space X and, fori = 1, 2...., 
let {W,,,} be a collection, locally finite in G, of disjoint open sets. Let F;, 


be closed in X, F;, c W,, c G and let U U F;,. = @. Since X is normal, 
there is a continuous function g,, (0 ee regre < 1) such that g;,(x) = 0 
for x e X—W,, and g;,(z) = 1 for xe F,,. Let 

9x) = 3 Iial®) = SUP a Jia(*)- 
Then, since {W,,} is locally finite in G, g,(z) exists and is continuous in G. 


Let Gig = {© |\Gig(x) > 9, g,(z) < 1/t for j < 3}, 
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and let H;, = {x |g;,(x) > 0}. Then H,, is an open F, set of X, H;, c G, 
and G;, is an open F,, set in H;, and hence in X. 

If xe G, then, for some j and B, x € Fig and hence gjg(x) = 1 and 
gz) = 1. If 7% is the least number such that, for some «, g;,(x) > 9, 
then, for j < i, g,(x) = 0 and hence xe G,,. Thus Gc UJ G,,. Hence, 

1, 
since G,,C H,,c 4, G = U Gia. 


Since g;(z) = 1, there is a neighbourhood N of x in @ such that 
gy) > 4 for ye N. Hence, fori >j andi > 2, NNG;,, = 0. Thus V 
can meet G,, only if i < ig = max(2,j). For each 7, {W;,} is locally finite 
in G and hence some neighbourhood JN; of x meets only a finite number 
of the sets W,,. Since G;, c H;, c W,,, N;9 G;, ~ 0 for at most a finite 
number of values of «. Then the intersection V 9 (4; is a neighbour- 


i io 
hood of x which meets only a finite number of the sets G;,. Thus the 
collection {G;,}, for all 7 and all a, is locally finite in G. Thus condition (h) 


is satisfied. 


[4.4| Let a space X be the union of disjoint sets G, each of which is open 


and closed in X. If each G is normal, then X is normal. 


a 


Proof. Let E and F be closed and disjoint in X. Then £9 G, and 
F 9 @, are closed and disjoint in the normal space G,. Hence there exist 
disjoint sets U, and V, open in G,, and hence open in X, such that 
ENG,cU, and FNG,cV,. Let U = U U, and V = UJ,, then U 
and V are open and disjointand H =  EnG,cU U, = UandF cV. 
Therefore X is normal. 


[4.5] Let X be a space and let {C;} be a sequence of closed sets whose 
interiors cover X. If each C; 


, is normal, then X is normal. 


Proof. Let E, and F, be any two disjoint closed sets of X. We con- 
struct increasing sequences {£;} and {F;} of disjoint closed sets of X such 
that, fori = 1, 2...., 


E,,NC,cG,cH; and F_,NC,cH;cF, 


t t 


where @; and H; are open and disjoint in C;. 

Assume that we already have Z,;_, and F,_,. Then £;_,9C; and 
F._,9C; are disjoint closed sets of the normal space C;. Hence there 
exist disjoint open sets G; and H; of C; such that E£;_,9C;c G;, 
F,_,9C,c H,, and G,n H,; = 0. Let E; = E,_,U G; and F, = F,_, Hj. 
Then Z; and F, are disjoint closed sets of X and G;c £; and H;c F;. 
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Let int C; be the interior of C; and let 





U=UGnintc, and V =U H,ninte, 


Since G; is open in C;, G; N int C; is open in int C;, and hence is open in X. 
Therefore U is open in X and similarly V is open in X. Since 


G,N int C; c G; c E,, 
therefore U c (J EZ; and similarly Vc LU F,. And, if k = max(i,j), 
BE, Fc ER, F, =0. 


Hence UN V = 0. Since X = U int C,, 


Ey=U% N int C; cUR, _, NintC; cUG, NintC, = U. 


Similarly F,c V. Therefore X is normal. 

[4.6] Totally normal spaces are completely normal. 

Proof. Let G be any open set in a totally normal space X. Then, 
by [4.3], for each i = 1, 2,..., there is a collection {W,,}, locally finite in G, 
of disjoint open sets and a corresponding collection {F,,} of closed sets 


of X with F,, c W,,c G and U UF, = G. Then, since X is normal, 


there exists a closed set C;, with . cintC,;, cC;, Cc W;,. Since X is 
normal and C,, is closed in "x, C;, is normal. Let C; = U C;,,. Since 


C;, C W;,, then, for each i, {C;,} is a collection of disjoint sets locally 
finite in G and hence locally finite in C;. Hence each C;, is open as well 
as closed in C;. Hence, by [4.4], C; is normal. Also F;, c int C;, c intC; 
and hence G = UF a - U int C;. Hence, by [4.5], G is normal. Thus 


every open set of Xi is normal and hence, by [1.1], X is completely normal. 
[4.7] Every subset of a totally normal space is totally normal. 


Proof. Let A c X with X totally normal. Then, by [4.6], A is normal. 
Let G be any open set in A. Then there is an open set H of X such - 
Hn A = G. Since X is totally normal, H is the union of a collection {H,}, 
locally finite in H, of open F, sets of X. Then, if G, = H, A, 

G=HnNA=UA,NA=UG, 
and G, is an open F, set of A. Each point x of G c H has a neighbourhood 
N in H which meets only a finite number of the sets H, and hence has 
the neighbourhood NM G in G which meets only a finite number of the 
sets G,. Hence {@,}i is locally finite in G. Therefore A is totally normal. 








Xx. 
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Examples. Let Z be a space consisting of a non-countable set of points 
one of which is distinguished and called z,). A subset of Z is called open 
(i) if it does not contain 2, or (ii) if its complement is finite. Then Z is 
an hereditarily paracompact Hausdorff space which is not perfectly 
normal. Bing’s example H [(1), 185] is perfectly normal but not para- 
compact and so not hereditarily paracompact. His example G [(1), 184] 
is totally normal but neither perfectly normal nor paracompact. The 
space consisting of the ordinal numbers < w, with the usual topology 
is completely normal but not totally normal. 


5. Dimension in totally normal spaces 

Returning to the theory of inductive dimension, I show (Theorem 2) 
that the subset theorem, and consequently the sum theorem, holds for 
totally normal spaces. 

[5.1] Let a space be the union of disjoint sets G, each of which is open 
and closed in X. If each IndG, < n, then IndX <n 

Proof. This is trivially true for dimension —1, and we assume it true 
for dimension n—1. Let Ec Wc X with FE closed and W open. Then 
EnG,c Wo G,c G, with ZN G, closed in G, and WN G, open in G,. 
Hence, since Ind G, < n, G, is the union of disjoint sets U,, V,, and C, 
with U, and V, open in G, and hence open in X, ENG,c U, cWNG, 
and IndC, < n—1. Let 

V=(U0, v=UV., ad C=UC, 


Then U, V, and C are disjoint, their union is X, and U and V are open 


sets. Also po U En@,c U v= 
and =U U< U WG, = W. 
Each set C, = C9 G, is open and or in Cand IndC, < n—1; hence, 


by the induction hy ry Ind C < n—1. Thus Ind Xx < n, as was to 
be showr. 

[5.2] Let X be a normal space satisfying the condition (d,,_,) of §3. Let 
{C;} and {F;} be sequences of closed sets of X such that F; c intC;, X = UF 

i=1 

and IndC; <n. Then IndX <n 

Proof. Let Ec Gc X with E closed and G open. Then, since X is 
normal, there is a closed set K and a sequence {W,} of open sets such that 

EcKCW,,,cW,cG@ 


and K=fM. 
i=1 
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Then F,9 K c (int C;) N W;, F, 9 K is closed and (int C;) N W; is open and 
is contained in C;. Hence, since IndC; < n, there exists U; open in C;, 
with F,n K c U,c (intC,)N W, and Ind(U,n C,—U;) < n—1. Since U, 
is open in C; and U; c int C,, therefore U; is open in int C; and hence open 
in X. And, since U,c C;, and C, is closed, U;n C, = U,; hence 


Ind(U, —U;) << n—1. 
Let U = U U;, then U is open in X and 
i=l] 
EcK=U(FZ9K)cUU,=U 


i i 


and UcUW,cG; 


thus Hc UcG., 

Let x ¢ K; then, for some j, x ¢ W;, and hence x has a neighbourhood 
X—W,; which meets at most a finite number of the sets U; (c W;) and 
hence x € U if and only if x ¢ U; for some i. Hence, since K c Uc U 


and Kc UU,c UU;,, we have U = Ut, U;. Hence 


i=1 
0—U=U0,—-UU,cU GU) 

Since U; is open, “ae , is closed, and we have Ind(U,— U,) < n—1; 
hence, by (d,_,), Ind{[U (0,—U;)] < n—1. Hence, since U—U is a 
closed subset of LJ (U;—U;), Ind(0—U) < n—1. Thus IndX < n, as 
was to be shown. 

[5.3] If X is a totally normal space, condition (d,,_,) implies (b,,). 

Proof. Let X be a totally normal space satisfying condition (d,,_,) 
and let Gc AcX with @ open in A and IndA <n. By [4.7], A 
is totally normal and hence, by [4.3], there is, for each i = 1, 2...., 


a collection {W,,}, locally finite in G, of disjoint open sets of A alk a 
collection {F;,} of closed sets of A with 


iaS 
F,, CW, CG 


and UUF, = G. 
i=l a 


Since A is normal, there exist V,;, open in A and C;, closed in A er 
F.C Vig C Cig C W;,,. Then, for wot i, the sets C;, are disjoint, {C;,} is 


io, 


Lonely ‘finite in G and hence, if C; = Uc ia {Ci} is a locally finite 


collection of disjoint closed sets of C;. Therefore C;,, is open and ~— 
in C;, Since C;, is closed in A, IndC;, < n. Hence, “a [5.1], IndC; < 
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Let F, = -UF, , and JV; = V;, as well as C; = U C;,. Then F, and 


C; are unions a locally finite collections of closed sets val G, and hence are 
dona in G, while V; is a union of open sets of G and hence is open in G. 
Clearly F,c V;c C;; hence F, is contained in the interior of C; with 
respect to G. 

Since X is totally normal, G is normal, and, since X satisfies condi- 


tion (d,,_,), so does G. Hence, by [5.2], since 
= U I. = U F. 
i,a i=1 
Ind G <n. Thus X satisfies condition (b,,). This completes the proof. 
THEOREM 2. Let Ac X with X totally normal and Ind X < n. Then 
IndA <n 


THEOREM 3. Let a totally normal space X be the union of two sets A 
and B with A closed and Ind A <n and Ind B < n. Then IndX < n. 


THEOREM 4. Let {A;} be a sequence of closed sets in a totally normal 
x 
space and let each Ind A; < n. Then Ind UA <n 
ix 


Proof. Let X be a totally normal space. Then X is completely normal 
and hence, by [3.3], (b,) implies (d,,), and, by [5.3], (d,_,) implies (6,.). 
Hence, since (b_,) and (d_,) are trivially satisfied, (b,,) and (d,,) hold for 
all n. Hence, by Theorem 1, (a,) and (c,) also hold for all n. Then 
Theorems 2, 3, 4 follow respectively from (a,,), (¢,,), (d,). 

Examples. Let I be the segment 0 < x < 1, and let J be a space 
consisting of the points of J and a special point jy; a set of J is open 
(i) if it is the whole space J or (ii) if it is an open set of J. The space J 
is trivially normal; there are no disjoint non-empty closed sets. Any 
subset either is a subset of J and hence is normal or it contains j, and 
hence is trivially normal. Thus J is completely normal. If A is non- 
empty and closed in J, then jy € A, the only open set containing A is J, 
and J —J = 0. HenceInd J = 0. But Jisanopenset in J and Ind J = 1. 
Thus the open subset theorem does not hold in the completely normal 
space J. 

Of course J is not a Hausdorff space. An example is given elsewheret 
of a normal Hausdorff space X and an open subset A of X such that A 
is normal and Ind A = 1 but Ind X = 0. 

Problem. Does the open subset theorem hold for every completely 
normal Hausdorff space ? 


+ See ‘Local dimension of normal spaces’ by the author, to appear. 
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6. Cech’s covering theorem for finite dimensional spaces 

Cech ends his paper (3) with a proof that a finite-dimensional perfectly 
normal space admits a certain kind of covering by the closures of disjoint 
open sets. Theorem 5 below is an extension of Cech’s result to totally 
normal spaces. 


[6.1] Let R be a completely normal space satisfying (b,) and let 
Ind R < n. Let U be open, S closed, and U, open in S with U,c U and 


Ind(U,— Uy) < n—1. Then there exists V open in R with 
UcVcU, Yns= U,, (V—V)nS=0,-G 
and Ind(V—V) < n—1. 

Proof. Let W = R—(S—U,) and Y = R—(U,—U,); then W and Y 
are open and U,c Wc Y. Since U, is closed in the normal space Y and 
U,c WN U cY, there exists H open in Y with 

UcHcHnYcwnu. 


By (6,), Ind Y < n, and hence there exists V open in Y and hence open 
in R with Uc V cH and Ind(V nN Y—DV) < n—1. 
Then VcHcU and UcVNScWnNS=U,. Hence VN S = \. 


And VASNYcHNSNYcWnNUNS=U,;; 

hence U0,cVnScUu(R-Y) = U,. 

Thus Vn S = U, and 
(V—V)nS=VnS—VnS=0,—U,. 


The completely normal space V—V is the union of the disjoint sets 
U,—U, and Vn Y—V, where U,—U, is closed and both sets have 
Ind <n—1. Hence, by [2.2], Ind(V—V) <n—1. This completes 
the proof. 


THEOREM 5. Let R be a totally normal space, or more generally any 
completely normal space satisfying condition (bx) for all N = 0, 1,.... Let 


S be closed in RwithInd S <n. Let U,,..., U,, be openin Rwith Sc UJ U,. 
v=1 











it 
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Then there exist V,(1 <i < (n+1)m) open in R with the properties: 
(i) y cU,forl<v<m, (n+1)v—1)+1 <1 < (n+1)p; 


+1)m _ 


(ii) : "U V,> S; 
i=1 


a 





7 a 
Se i 


| 
| 
| 





)VUAV,=90forl ci<yj <(n+1)m; 
See. VN 8) < n—1 for 1 <i < (n+1)m; 
n+2 and if i;,..., t, is any combination (without repeti- 


- 


v) f2<r< 


. tion) “ indices 1, 2,..., (n+1)m, then n V,,c Sand ind n V,,<n—r+l1. 
s=1 s=1 


Proof. Using [3.1], [3.3], and [6.1] above in place of Cech’s proposi- 
tions 23, 19, and 24.1, Cech’s proof applies with trivial modifications. 
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A PROPERTY OF BESSEL FUNCTIONS 
By H. G. AP SIMON (Ozford) 
[Received 2 September 1953] 


1. Tus work originally arose in an attempt to decrease the amount of 
computation required in a problem in heat conduction involving ex- 


pressions of the form 
J,(ax)¥,, (ba) —Y,, (azx)J, (bx) (1) 


in which a and b were known positive constants and x the dependent | 


variable; it was desired to expand (1) as a series in x in the hope that 
it was sufficiently highly convergent to allow truncation after three or 
four terms. Although the zeros of (1) have been extensively studied, 
I can find no explicit statement of the series expansion, and the form 


it takes may be of some interest. 
2. It is convenient to work with modified Bessel functionst and use 
the notation 
Dy nls y) = (—)"L, (2) K, (y)— K, (2), (y)}5 (2) 
the result may then be stated as 


—« On sh D]}-\p2r 
D,, ,(2t cosh k, 2tsinh k) = S° eloosh 2k” 
r=0 








7 r!(r+n)! 


where (J is the associated Legendre function of the second kind, of 
degree r and order n. 
3. From the differential properties of the Bessel functions we find that 
F(t) = D,,,,(2t cosh k, 2t sinh k) 
satisfies the differential equation 
8 Fiv+ 412 F” —(4n?—1)(tF” — F’)—8(cosh 2k)(®F” + 2t2F’)+ 168F = 0. 
(4) 
Considering possible series solutions of (4) of the form 
S a, t2r 
! ‘? 
Fr (r+n)! 
we find that this is a solution of (4) if a, satisfies 
(r—n-+1)a,,,—(2r-+-1)(cosh 2k)a,+(r+n)a,_, = 0, 
{ The definition taken of K,(x), the modified Bessel function of the second 
kind, is that of (1), § 3.7, and not that of (2), § 17.71. 
Quart. J. Math. Oxford (2), 4 (1953), 282-3 
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one solution of which is Q”(cosh 2k). Hence a solution of (4) is 
= n sh D]-)\f2r 
G(t) = Qr(cosh 2k) (5) 
- r!(r+n)! 
r 


4. From the differential equation 

d*w dw m? 

— + 22 — — [n(n+ 1) + ——_ ]w = 0 

cc & ( ( )+ aa 

satisfied by Q”"(z), we find that, writing Q” = Qm(ccsh 2k), 
(m—n)(m+-n+1)Q" + 2(m-+ 1)(coth 2k)Qmt!+ Ort? = 0, 


and so in particular (from known particular values of Qf’) 


(2?—1) 


Q° = log(cothh), 
Qi — 4(—)™(m—1)! {eoth™k — tanh”k} (m > 1), 
Q° = (cosh 2k)log(coth k)—1, 
Q} (sinh 2k)log(coth k) — coth 2k, 
Qi = 4(—)"(m—2)! {m(coth"k + tanh"k)— 
—(cosh 2k)(coth"k —tanh”k)} (m > 2). 


5. With the aid of (6) we then have 


G(0) = Q? (cosh 2k)/n! - F(0), 

(0) = 0 = F’(0), 
G"(0) = 2Q%(cosh 2k)/(n+1)! = F’(0), 
G"(0) = 0 = F”(0); 


and so the solutions F(t), G(t) of (4) are the same, and the result (3) has 
been proved. 


(This work was sponsored by the Research and Armament Develop- 
ment Division of the Fairey Aviation Company Limited. | 
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ON THE COVERING OF LATTICE POINTS BY 
CONVEX REGIONS 


By D. B. SAWYER (Achimota) 
[Received 15 May 1953] 


1. Introduction 

THE purpose of this paper is to investigate a minimal problem which is 
suggested by a classical theorem of Minkowski. Minkowski’s theorem 
states that every closed central convex region in the Euclidean plane, 
with centre at the origin O, and with area at least 4, contains a point of 
integral coordinates other than O, i.e. a point of the integral lattice in 
the plane. We consider here a closed central convex region K which is 
such that, however it is displaced in the plane—a displacement con- 
sisting of a translation and a rotation—a point of the integral lattice is 
covered. Our object is to find the lower bound of the area, A(K), of A. 
The following result is proved. 


THEOREM. A(K) > , 
with strict inequality unless K is congruent to the region K* given by 


yl < ¢—2", jz] < }. 


It is easily seen that A(K*) = 4; also, as will be shown in § 5, A* is 
itself a region K, and therefore the number § is the true lower bound 
of A(K). 

The problem is transformed and reduced to some extent in § 2, some 
lemmas are established in § 3, and the theorem is proved in § 4. 


2. Reduction of the problem 

Notation. We use a vector notation: if X and Y are point sets, then 
X+Y denotes the set of points x+y, where xe X and ne Y. 

We denote by X(zx,y, 6) the set obtained by giving X a translation 
represented by the vector (x,y) and then rotating the set through an 
angle @ about the point of coordinates (z, y). 

We suppose in all that follows, without any loss of generality, that 
the region K has its centre at O. We denote by d, 5 the lengths of the 
greatest and least diameters of K. The integral lattice will be denoted 
by I, and the general point of [ by g. The unit square 0 < x < 1, 
0 < y <1 will be denoted by S. 
Quart. J. Math. Oxford (2), 4 (1953), 284-92 
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LEMMA 1. A(K) > 4(d?—1)!+4sin-(1/d). (1) 
Proof. Parallel tac-lines exist at the extremities of the least diameter 
of K; if 8 < 1, these would be less than unit distance apart, so that K 
could be displaced into the strip 0 < x < 1 which contains no point 
of [. Hence § > 1, and K contains the circle with centre O and radius 3. 
But also K contains a line segment of length d with centre at O. Hence, 
since K is convex, K contains the convex closure of the segment and the 
circle, a capped circle whose area is given by the right-hand side of (1). 
This proves the result. 


Consider now the region K(4, 3,0). If for some value of @ this contains 
a point g which is not a vertex of S, then 


(3d)? > (3)?+ (3), d > 10, 
and so, by (1), A(K) > 3+4sin—(1/V10) > 4. 


Hence we suppose that for each value of 6 the region K(3$, $, @) contains 
no points of I’ other than vertices of S. 

By our initial assumption, K(4, 4,6) contains some point g for each 
value of 6. Thus K(4, 4, @) contains a vertex of S and, by symmetry in 
the point (4,4), the opposite vertex of S also. One pair of opposite 
vertices of S is therefore contained in K(4, 4,0) and so the other pair is 
contained in K(4, 4,4). Hence for some value of 6 between 0 and $7 
all four vertices of S are contained in K(3, 3,6). By the convexity of K 
it follows that K(4, 4,@) then contains S itself. 

Thus K contains a unit square with O as centre. By means of a rota- 
tion, if necessary, we may suppose that K contains the square |x| < 3, 
y| <4. 

LEMMA 2. A(K) > }{1+-(d?—1)}}. (2) 


Proof. Let the coordinates of the extremities of the greatest diameter 
of K be (x,,y,), (—x,, —y,). The area of the convex closure of the unit 
square in K and these extremities is given by 

Wilt 2 if |x| < 3, 
and by ja,|+4 if |y,| < }. 


Now x7+y? = }d?, and so, if |7,| < 3, we have 


iyi| > 3(d?—1)'. 


This proves (2) when |x,| < 4, and similarly when |y,| < }. 
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If |x,| > 4 and |y,| > 4, the area of the convex closure is 
|ey|+ ly |- 


Since |y,| < $(d?—1)! when |2,| > 4, and |ax,| < }(d?—1)! when 
ly,| > 4, we have 


(\2,|—lya |)? < {$(d?@—1)'§— 43)", 
(lar |+ lya!)® = 2( |g |?+ [ya !?)—(lea|— Iya)? 
> 4d*?—}(d?—1)+4(d?—1)!—} 
= H(@—1)+ 1}, 
This completes the proof. 


and so 


Lemma 3. Let L be any set of points. The set L+-x contains a point of T 
for every point x of the plane if and only if the set L+-T contains the square S. 

Proof. If L+T contains S, then L+T contains the whole plane. 
Hence, if x is any point of the plane, —x may be represented as [—g 
where [¢ L and gel’. This implies that I+ is the point g, so that 
L-+-x contains g. 

Reversing the argument, if for an arbitrary point x, L+-x contains g, 
then —zx may be represented as I—g and so —x is contained in L—g, 
and therefore in L+I. Hence S is contained in L+T. 

By (2), if d > 2, we have A(K) > 3(1+~3) > 4, so that we may 
suppose d< 2. This immediately implies that the intersection 
{K(0, 0, @)+-g}N S is null unless g is a vertex of S. But, by Lemma 3, 
writing K(0,0,@) for L, and recalling that K(0,0,0)-+-x always contains 
a point g, we see that S is covered by K(0,0,60)+-T. Hence S is covered 
by the four regions K(0,0,0), K(1,0,0), K(0,1,6), K(1,1,0@) alone. It 
will eventually be shown that this property of K is sufficient to establish 
the conclusion of the theorem. 


3. The main lemmas 


Let a, 8 be constants with a > B > 0. We consider the relationship 
between two variables u, v satisfying 


$(u,v) = u?+v?+ 2a(v—u)— 2p? = 0. (3) 
Let u take a fixed value with |u| < 8. For large positive or negative v, 
d(u, v) is positive ; also 


$(u, —B) = wt—f*—2a(u-+B) = (u-+B)(u—P—2a) <0, 
d(u,u) = 2(u?—B?) < 0, 


$(u,B) = w2—B*—2a(u—B) = (u—B)(u+B—2a) > 0. 


while 
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Thus one root of the equation ¢(u, v) = 0, regarded as an equation in v, 
is less than —f and the other lies between wu and f. 

An immediate consequence of this is that, if we restrict ourselves to 
values of uw and v lying between —f and f, the equation (3) defines v as 
a single-valued function of u, and moreover we have 


(u—a)du +(v+a)dv = 0, (4) 
dv aa a--* > 0. (5) 
du atv 


We also notice that when u takes the extreme values —f, +8, the 
corresponding values of v are also —8, +f. 

A further consequence of the above work is that, commencing with 
a value wu, such that |w»)| < 8, and using the recursion relation 


P(U,,, Un 1) = 0, 
we can define a sequence {u,,} which is strictly increasing, and such that 
\u,| < B for all n. 


Lemna 4. If f(u) is a function, continuous in the interval —B <u <8, 


and such that f(w+f(v) > 0 (6) 
whenever d(u,v) = 0, |u| <p, |v| < B, (7) 
B 
then | f(u) du > 9, 
—p 


with strict inequality unless there is always equality at (6). 


Proof. Defining v as a function of u by means of (7), we have f(u)+-f(v) 
a continuous function of u on the interval —B < u < f. Using (6) and 
recalling that « > B, we have 
B 
| (f(u)+f(v))(a—u) du > 0, (8) 
“B 
and, since the integrand is continuous, there is strict inequality unless 
there is always equality at (6). But in virtue of (4) and (5) we may 


rewrite (8) as 


B B 
| f(u)(a—u) du + [ f(r)(a+v) dv > 0, 
‘B B 
B 
i.e. 2a | f(u) du > 0. 


-B 
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Lemma 5. If g(u) is a function continuous in the interval —B < u < , 
and such that, for u, v satisfying (7), 


g(u)+g(v) > v—u+ 2h, (9) 
where h is a constant, then 
F 2p 
Ig g(u) du > 2ph +3, (10) 
—B 


with strict inequality unless 
g(u) = go(u) = h+(B?—w?)/2a. 
Proof. We write 
f(u) = g(u)—go(u) = g(u)—(B?—u?)/2a—h. 
Then, by (9), 
S(u)+f(v) > v—u+ 2h—(28?—u?—v?)/2a—2h = 0, 
so that, by Lemma 4, 
B 





B B 
| g(u) du = | gow )du+ | f(w) 
—B -B -B 
> | 0 e 
-B 








Jo(u) d 


There is strict inequality here unless f(u)+-/(v) = 0 for all w, v satisfy- 
ing (7). 

Suppose that f(u)+f(v) = 0 for all uw, v satisfying (7) but that f(u,) 40 
for some Uy. Then, forming a sequence {w,,} by the recursion 

P(Un, Unis) = 9, 
in the way examined earlier, we have 
f(U2m) = f (U9), f(Uam+1) = —f(Uo) 

for all positive m. This implies that f(u) is of unbounded variation, 
which is false, since f(w) is continuous on the closed interval —8 < u <f. 

Hence there is strict inequality in (10) unless f(w) = 0, in which case 
g(u) = go(u). ; 

Lemma 6. If 

O<h<h, a= F+h, B= {h-(3+h)}, 
then (i)a>p>0, 
(ii) h+4Bh+ 43/30 > }, 


with strict inequality in (ii) except when h = 0. 
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Proof. 
(i) @®@—f? = 23+hP-$>0, BP D$-(3+8? = i > 0. 


(ii) h4+4Bh+ 463/30 = h+B(12ha+4B?)/3« 
= h+B(1+2h+ 8h2)/3a > h+38, 
with strict inequality unless h = 0. Now 
4B? — 1—4h—4h? > 1—6h+ 9h? 
provided that 2h—13h? > 0, and so, if 0 <h < jy, we have 
h+B > h+4(1—3h) = 3. 
If 3 <h < 3, then 
1+2h+ 8h? 8h? 8 
oe 1+2h 7 lt > F 
since h?/(1+-2h) is an increasing function. We thus have 
h+4Bh+4B3/3a > h+39p. 
But (168)2—49(1—3h)? = 154+ 38h—697h2 
> 15+ 8-—F > 0. 
Hence, if 3 < h < 3, then 
h+ip > h+4(1—3h) = 
This proves the result. 
4. Proof of the theorem 
The unit square |x| < }, |y! < }is contained in K. Hence, if we write 
sups = $+h, supy = $+h’, 
we have h > 0, h’ > 0, and, by remarking that the convex closure of the 
unit square and the extreme points is contained in K, we have 
A(K) > 1+h+Hh’. 
There is no loss of generality in supposing h < h’ and then 
A(K) > 1+ 2h, 


so that we need be concerned only with the range 0 < h < }. 
Since K lies in the half-plane « < $+h, K(0, 0, @) lies in the half-plane 


xcos0+ysin@ < $+A. 
This half-plane does not contain the point (4, 4), the centre of S, when 
cos 6+ sin? > 1+2h, (11) 


3695 .2.4 U 
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and by symmetry, in this case, K(0,0,6) and K(1, 1,0) together cannot 
cover S; in fact the strip 
$+h < xcos6+ysin@ < cosé+ sind—}—h (12) 
lies between K(0, 0,0) and K(1, 1,6). 
When (11) holds, the line 
x cos 0+ysin 6 = $+h (13) 
separates O and the centre of S. It lies at a distance 4+h > } from 0 
and so meets the boundary of S at points within a distance } from the 
vertices (1,0) and (0,1): that is, at points belonging to K(1,0,6) and | 
K(0,1,@) respectively. Also, when (11) holds, the line (13) contains no 
interior points of K(0,0,@) and K(1, 1,0), and so all points common to 
this line and S are in either K(1, 0,0) or K(0, 1,6), since otherwise there 
would be points of the strip (12) not covered. It therefore follows, since 
the intersections of K(1, 0,6) and K(0, 1,0) with the line (13) are closed 
segments, that some point of the line (13) belongs to both K(1, 0,6) 
and K(0, 1,6). 
Now K is defined by relations of the form 
Y¥<S3+9@), = —yS<tt+g(—2), |e] S344, 
where g(x) is continuous in the interval —4}—h <a <}-+h, and 
g(x) > 0 when |x| < }. Hence all points of K(1, 0,0) satisfy 
y cos 0—(x—1)sin@ < 4+ 9{(x—1)cos 0+ -ysin 6}, 
and all points of K(0, 1,0) satisfy 
(1—y)cos 0+asin 8 < $+9{—2 cos @—(y—1)sin 6}. 
Since some point satisfying (13) also satisfies both of these inequalities, 
we have on addition 


cos 6+ sin? < 1+ 9(h+4—cos 6)+-9(sin @—h—4), 





i.e. g(u)+g(v) > v—u-+ 2h, 
where u = h+4—cos8, v = sind—h—}. (14) 
From (14), (11) we have 
u?+-v?+ 2a(v—u)— 2B? = 0 (15) 
and v—u > 0, (16) 
where a = $+h, B? = $—(4+h)?. 
From (15), (16), ur+v? < 262, 


so that either |u| < 8 or |v| <8. But the initial examination of the 
relationship ¢(u,v) = 0 shows that, if |u| < 8 and (16) holds, then 
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\v| < B also. Similarly, since (15), (16) remain unaltered if we replace 
u, v by —v, —u respectively, if |v| < B then also |u| < B. Hence both 


ul <p, wl <B. (17) 
Further, any values of uw and v which satisfy (15) and (17) satisfy 
(u—h—4)?+(vt-ht4) = 1, 
u—h—}4 <0, vth+} > 0, 


and so are of the form (14). 


(U,1) (1.1) 









F(1,1.0) 
DE(0,1,0) 






AB (1,0,0) 








C(0,0,0) 














(0,0) (1,0) 





Thus the conditions of Lemma 5 are satisfied, and, using Lemmas 5 
and 6, and remarking that B < 4, we have 


B 
A(K) > 1+h+2 g(x) dx > 14+h+2 g(x) dx > ¢. 
oe" —B 


There is strict inequality unless h = 0 and g(x) = g(x), i.e. unless 
pou X®. 


5. The region K* 

It remains to be shown that K* is itself a K. By Lemma 3, it is 
enough to show that the regions K*(0,0,6), K*(1,0,6), K*(0, 1,6), 
K*(1, 1,6) cover S for each value of @. The figure formed by the regions 
for some value of @ is the same as the figure formed for the value 6+-47 
except for a rotation of 47 of the whole configuration about the centre 
of S. Because of this, we need prove only that S is covered for 0 < 6 < }n. 
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We consider the hexagon H, inscribed in K*, with vertices 
a (4—cos 0, cos Q— } cos 26), d(—4-+ cos 6, —cos 0+} cos 26), 
b (sin @— 4, 3. cos 26+ sin 8), e (—sin 0+-4, —4} cos 26—sin 6), 
¢ (4, cos 8 — sin 6—} cos 26), f (—4, —cos 6 + sin 0+ 3 cos 26). 


This is symmetrical in O. The chords ac, fd, bf, ce are each of unit length, 
and ac, fd are parallel to the line 


xsin6+ycos 6 = 0, (18) 
while bf, ce are parallel to the line 
' acos6—ysin#d = 0. (19) 


The lines (18), (19) divide H into four subsets, which we may denote 
AB, C, DE, F according to the vertices of H contained in them. Then 
(see figure above) it is immediate that S is the union 


C(0, 0,6) U A B(1, 0, 6) U DE(0, 1, 6) U F(1, 1, 9), 
so that a fortiori S is contained in 
K*(0,0,0) U K*(1, 0,6) U K*(0, 1,6) U K*(1, 1, 8). 
This completes the investigation. 


I am very grateful to the referee for a number of comments, and 
particularly for the present proof of Lemma 4, which is much shorter 
than the original one. 
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IRREDUCIBLE CONVEX BODIES 
By KATHLEEN OLLERENSHAW (Manchester) 


[Received 1 June 1953] 


1. Introduction 

A svar body S is said to be irreducible if, for every star body T' con- 
tained in but different from S, A(7’) < A(S), where A(7’), A(S) are the 
criticalt determinants of T, S. In this note I prove the theorems 


THEOREM 1. The generalized cylinder 
f(y, %2) SA, [ag] S 1,.., |My! SI, 
where f (2, %) < 1 defines any irreducible convex star domain, is irreducible. 
THEOREM 2. The n-dimensional sphere for all n < 5 is irreducible. 


Mahler [(2) 336, Theorem C] and Rogers [(4) Theorem 4] have shown 
that a necessary condition for S to be irreducible is that every point on 
the boundary belongs to a critical lattice. The generalized cylinder on 
a convex irreducible base (which, of course, includes the three-dimen- 
sional cylinder on a convex irreducible star domain as base and the 
n-dimensional parallelepiped) and the n-dimensional sphere are the only 
known convex bodies of more than two dimensions that satisfy this 
necessary condition; of these the critical determinants of the n-spheres 
(n > 8) have not yet been found. 

The only{ star body of more than two dimensions previously known 
to be irreducible is the 3-sphere. 


+ The critical determinant A(S) of a star body S is the lower bound of the 
determinants of the lattices A admissible for S, i.e. the lattices A with no point 
other than the origin in the interior of S. 

t Mahler (2) (341, Theorem F) proved that a 3-dimensional convex star body S 
is irreducible if every point of its boundary belongs to a critical lattice of S with 
just twelve points on the boundary. The 3-sphere has this property and is 
therefore irreducible. Mahler also stated that the circular cylinder anc 3-cube 
were irreducible on the grounds that every point on their boundaries belonged 
to a critical lattice with just twelve points on the boundaries. This is incorrect: 
critical lattices containing a point on a generator of a convex cylinder other 
than on the base itself all contain at least fourteen points on the boundary of 
the cylinder; and all critical lattices of the cube contain at least fourteen points 
on the boundary. 


Quart. J. Math. Oxford (2), 4 (1953), 293-302. 
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2. I use Rogers’ concept of irreducible points (4). A point P of a star 
body S is called reducible if there is a star body 7' contained in S but not 
containing P for which A(7') = A(S). A point of S which is not reducible 
is called irreducible. Rogers proves that 

a star body S (of the finite type) is irreducible if and only if every point on 
its boundary is irreducible ; 

if S is a star body of the finite type, the set X of irreducible points of S is 
closed ; 

a point P on the boundary of a star body S (of the finite type) is irreducible 
if and only if, for every « > 0, there exists a lattice A* with d(A*) < A(S8) 
such that the only points of A* in the interior of S are the points O, +- P*, 
where |P—P*| <e. 

Rogers’ results agree with Mahler’s earlier work in terms of free 
critical lattices. Mahler calls a critical lattice A free if, for every point P 
of A on the boundary of S, there exists a neighbouring lattice A* satisfying 
the conditions above. 





3. Proof of Theorem 1 

Denote by K the irreducible convex star domain f(x,,z,) < 1 and by 
C the generalized cylinder defined by f(x,, 2.) < 1, |a3| < 1,..., |%,| <1, 
where there is no loss of generality in supposing the axes rectangular. 
Thent A(C) = A(K). We have to show that every point on the boundary 
of C is irreducible. Mahler [(3) 695, Theorem 3] has shown that the 
boundary of XK is either a parallelogram or a strictly convex region with 
a continuously turning tangent. Since the set of irreducible points of C 
is closed, it is sufficient to prove irreducible the points for which either 
(i) |x,| << 1(r = 3,..., m) and f(x,, 2.) = 1, where, if K is a parallelogram, 
(2,2) is not the mid-point of a side of K or a vertex of K; or 

(ii) [tr < 1, |x| =1 
where 7’ is one of the r = 3,..., n, and f(x,, 2.) < 1, where x,, x, are not 
both zero. 

+ The result A(C) = A(K) is true for a generalized cylinder on any convex base. 
When the base is a circle, the result is due to Mahler [Quart. J. of Math. (Oxford), 
17 (1946), 16-18: footnote on p. 16]. The general result follows by use of Mahler’s 
method or by a result of Hlawka ‘Ausfiillung und Uberdeckung durch Zylinder’, 
Anz. Oster. Akad. Wiss. Wien, Math.-Nat. Kl. 85 (1948), 116-9; or see Math. Rev. 
11 (1950), 12] combined with a result of L. Fejes Téth [Acta Sci. Math. (Szeged) 
12 (1950), 62-7; or see Rogers, Acta Math. 86 (1951), 309-21]. This information 
was kindly given me by Dr. Rogers. It was at his suggestion that I proved 


Theorem 1 in the present form: originally I proved the result only for the three- 
dimensional cylinder and the n-cube. 
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By symmetry and by a suitable choice of the (x,, x,)-axes, these points 
are typified by (i) the point P = (xj, 29, as,...,a,), Say, Where 
0 < aigy-045 % <1 


and P’ = (x},2#,) is any point of the boundary of K (other than the mid- 
point of a side or a vertex of K if K is a parallelogram); (ii) the point 

Q = (ca, O, ag, %,-.-, X35 1), ‘ 
where 0 < asz,..., &)- < 1, and Q’ = (a, 0) (a > 0) is an inner point of K 
other than the centre. In §§ 4-8 I prove irreducible the points P so 
defined. In §§ 9-11 I deal with the points Q. 


4. Consider first the point P’ = (x},2) on the boundary of K and 
such that, if K is a parallelogram, P’ is not AXs 
the mid-point of a side or a vertex. Mahlert 
has shown that, corresponding to every 
such point P’, there exists a point P” on 
the boundary of K such that +(P’—P’) 
is also on the boundary of K. Moreover P’, * %, 
P" so defined generate a critical lattice of K NS 
with just these six points +P’, +P’, 
+(P”"—P’) on the boundary of K. 

Let the coordinates of P” onthe boundary 
of K be (2{, 23) and choose the (2,, x,)-axes 
so that x, = 2] = #, > 0 (say), x;—a, = % > 0 (say); ie. so that 
P’ = (#,,x3), P” = (#,,2,+,). By hypothesis, 

(P’—P’) = (0, £5) 
is on the boundary of K, and, by Mahler’s result, P’, P” generate a two- 
dimensional critical lattice LZ, (say) of K, such that 
d(L,) = A(K) = zz, > 0. 
Moreover +P’, +P”, +(P”—P’) are the only points of LZ, on the 
boundary of K. 

Consider the points P, = (#,—¢,2,+8), Pt = (€,—¢,%,+%,+8) in 
the plane of K, where « > 0 is arbitrarily small and § > 0 is such that P¢ 
ison the boundary of K. This choice is clearly possible when K is strictly 
convex. 

From the well-known properties of the critical lattices of a parallelo- 
gram it is also possible when KX is a parallelogram since P’ is not the 
mid-point of a side or a vertex (Fig. 1). Moreover 5 > 0 as « > 0 and 

|P’— P| = J(f+87)>0 ase 0. 











Fic. 1. 


+ (3) 101-2, and the properties of the critical lattices of a parallelogram. 
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If L* is the two-dimensional lattice generated by P., P? in the plane 
of K, then L* is in the neighbourhood of L,; 0, + P’ are inner points of K; 
+P%, +(Pi—P) = +(P”—P’) lie on the boundary of K, and, since, 
by Mahler’s result, all points of L, other than O, + P’, +P’, +(P’—P’) 
lie outside K, all points of Lf, other than O, + P, lie on the boundary 
of K or outside K. 


5. Consider now the lattice A, (say) containing P = (%,, x9, az,..., 0,), 
where 0 < asz,..., a, < 1, and defined by the equations 
@ = 8+ € Eo 
Uy = Xb, +(%2+F2)E_ 
Wy = Og f+ agéot+ » (Ay). 
ty = 048+ AgSot ast fy 





xy = Xp &,+ Oy Endy Eg +a, E,+..-+€, 
This lattice has the determinant d(A,) = #,%, = A(K). It is clearly 
admissible for C since, by Mahler’s result and the definitions of P’, P’, 
if (€,; £5) Fx (0, 0), then f(%4, X2) => 1; and, if (€,, £,) = (0, 0), then 
max/|z,| >1° (r = 3....,#) 
except when all é, are zero, i.e. except for the lattice point at the origin. 
It follows that A, is a critical lattice of C. 
Denote by Aj the neighbouring lattice defined by the equations 
x, = (#%,—e)é,+ (4,—e)fo— «€3— €f,—...—e€, | 
Lo = (%+8)E) + (%+%_+8)E+ 5€,+ 5&,+... +88, 





7 a3 $+ aot § t (A*), 
= oy &y+ OgEgtayEgst 4 
Xp ‘ani Xp &,+ Xn Estoy, Esta, €4+ +E, J 


where ¢ > 0 is arbitrarily small and 6 is defined as in the previous 
paragraph. Then Af contains the point P. = (%,—«, 72+, «,..., «,,) in 
the interior of C and such that |P—P.| > 0 ase 0. By definition the 
points + (#,—e,2+%,+5, as,...,«,), +(0, #, 0,...,0) are on the boundary 
of C. The determinant of Af is 


d(A*) = £[%,—¢(1—a)(1—a4)...(1—a,)] < #,%, = A(K) = A(C). 
We have thus to show that P, +P. are the only points of Af in the 
interior of C. 
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6. Since A,, Af are neighbouring lattices, the only points of Af other 
than O, + P. which could be in the interior of C are those in the neighbour- 
hood of points of A, which lie on the boundary of C. Moreover, since 
a, (r = 3,..., 2) are identical in the equations defining A,, Aj, and, since 
A, is admissible for C, all lattice points of A,, Af for which max|zx,| > 1 
(r > 3) lie on the boundary of C or outside C. We have thus to consider 
only those points of Af in the neighbourhood of points of A, for which 
max|z,| < 1, f(z,,x,) = 1 and we have already seen that f(z,, 2.) = 1 
only if (,,£,) = +(1,0), +(0,1), or +(1, —1). 

In the equations for A,, if (€,,&) = +(1, —1), then max|z,| < 1 for 
r>8 only if all x, = 0, i.e. if the lattice point is one of +(0, %5,0,..., 0) 
which by definition is on the boundary of C. 

7. Consider then the equations for A, and suppose that 

(€,,€,) = +(1,0) or +(0,1), max|z,| < 1. 
We see that |x| < 1 only if either (i) €, = 0 or (ii) £,+€,+&, = 0. 
If (i) é,= 0, then |a,| <1 only if é,=0 or £,+€+&, = 0; if 
(ii) €, +£,.+&, = 0, then |z,| < 1 only if &, = 0. We thus have |z,| < 1, 
\z,| <1 only if either (a) &, = &, = 0 or (6) €6,+-€,+6+&, = 0. If 
(a) €, = & = 90, then |z,| <1 only if £,=0 or §,+& +, =0; 
if (6) é,+&,+&,+&, = 0 then |x| < 1 only if €, = 0. We thus have 
ltg| < 1, |x| < 1, |%,| < 1 only if either £, = €, = £, = 0 or 
Ex tfothsthstés = 0. 
Continuing in this way we find eventually that, if (€,,€) = +(1, 0) or 
+(0,1), then max|z,| < 1 (r > 3) only if either all 
&-= 0 (r = 3,...,.n) or DE=E,46464+6,4...4+€, = 0. 

We now consider points of Af for which these conditions on the é hold. 
If $ € = 0, the equations of A,, Af become identical. Hence points of 
Af other than the origin for which } € = 0 are not in the interior of C. 
The points of Af given by (&;, &,...,€,) = +(0,1,0,...,0) are by hypo- 
thesis on the boundary of C. The points of Aj given by +(1, 0, 0...., 0) 
are of course +P. We have thus shown that the points O, +P. are the 
only points of Af in the interior of C, as was to be proved. 


8. By symmetry and permutation of the coordinates x,, we have thus 
shown that every point on a generator of C is irreducible. If K is a 
parallelogram, by a suitable permutation of the coordinates x, every 
point on the boundary of C (now an n-dimensional parallelepiped) can 
be thought of as a point on a generator. Theorem 1 is thus proved for 
the particular case when K is a parallelogram. It remains therefore to 
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prove irreducible the points Q defined in § 3, when K is a strictly convex 
star domain with a continuous tangent. 
9. Before discussing the irreducibility of the point 
Q = (a, O, ap, %,..-, &-3, 1), 
where 0 < az,..., X&»-1 < 1, and Q’ = (a, 0) (a > 0) isan inner point of K, 
it is necessary to prove certain properties of the — region K. 





Fia. 2. 


Let P’R be that chord of K (Fig. 2) which is equal and parallel in the 
same sense to OQ’ and has positive x,-coordinate. Since K is strictly 
convex, P’R is uniquely defined. Moreover, since R lies ‘below’ the 
tangent at P’, Q’— P’ lies ‘below’ the tangent at — P’, and, since K has 
a continuous tangent, the point Q’— P’ lies outside K. Hence, no point 
Q’+hP’ other than Q’, where h/ is positive integer or zero, is in the 
interior of K. 

Let P’ on the boundary of K have coordinates (%;,2 ) (7, > 0) and 
let P” = (x{,x3), say, be that point of the boundary of K such that 
(P”— P’) is also a point of the boundary and (27, 2;—2x,2;) > 0. Then 
P" is uniquely defined and A(K) = 2, 2;—2,2}. The points P”, Q’ lie 
on opposite sides of OP’. Since K is strictly convex and Q’ is an inner 
point of K, Ris an inner point of the triangle with vertices at P’, P’— P’, 
2P’—P". Hence Q’ = R—P’ is an inner point of the triangle 

O(—P")(P’—P"). 
Hence the area OP’(P’— P”) = 4A(K) is greater than the area 
OP'Q' = hax, 
ie. A(K) > ax, > 0. Moreover all points Q’+AP’—kP", where h is a 
positive integer or zero and k (+ 0) is a positive integer, lie outside the 
six-pointed star [S], say, formed by producing the sides of the hexagon 
with vertices + P’, +P”, +(P”—P’). Since K is strictly convex, [S] 
contains K, and it follows that no point Q’+hP’—kP” other than Q’, 
where h, k are positive integers or zero, is in the interior of K. 
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10. We can now return to n dimensions. Let us consider the lattice 


A, (say) defined by the equations 


y= xy €, +2) &+af,+ afs+...ta€, } 
, ” 
Xy = 1b, +22 E5 
v3 E+ a Egt... tag &y \ (A,), 
y= E,t..-+agé, | 
Ln = é, J 


This lattice contains the point Q and has the determinant 
d(Ay) = (x, 25—a' 2) = A(K). 
It is clearly admissible, since max|x,| << 1 (r > 3) only if all = 0 
(r = 3,..., n) and, by the definition of P’, P”, no point other than the 
origin of the two-dimensional lattice in the plane of K generated by 
P’, P” isin the interior of C. The lattice A, is thus a critical lattice of C. 
Let A} be the neighbouring lattice defined by the equations 
a, = 2 &, +271 £.+ afs+ af,+...+ a€, | 
Ly = XE, +79 E, 


| 
«3 = Estaggst.-.+ abn (AZ), 


7 E.+...+ Oy Ep, 
xt, = ef,— ef,— e£,—...+(1—e)é,, 


where « > 0 is arbitrarily small. Then Af contains the point 
Q. = (a, 0, ag, ag,..-, &y-3, 1—e), say, 

in the interior of C and |Q—Q,| = «. By definition the points 

+(x}, 29, 0,...,0), +(x —2}, 7—2, 0,..., 0) 
of A,, A¥ are on the boundary of C. The determinant of A} is 
d(A*) = A(K)—e[A(K)—axg](1—ag)(1 —ag)...(1—o¢n 4) < A(K) = A(C). 
We have thus to show that O, + Q, are the only points of A in the interior 
of C. 


11. We proceed as in § 6, considering only points of Af in the neigh- 
bourhood of points of A, which lie on the boundary of C. Since the 
equations for x, (s = 1,...,2—1) are identical in the definitions of A,, Aj, 


and since A, is admissible for C, all lattice points of A,, A} for which 


max{ f(2,, 2%), |%|]>1 (2<t<n) 
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lie on or outside C. We have thus to consider only those points of A} 
in the neighbourhood of points of A, for which 
max[ (2x1, 2X2), |%|] <1 (2<t<n), |t,| = 1. 

In the equations for A,, |x, | = 1 only if €, = +1. Then |z,_,| <1 
only if either (i) €,_, = 0 or (ii) &,_,+€, = 0. If (i) €,_, = 0, then 
\%n-2| < 1 only if either £,_, = 0 or €,_.+&, = 9; if (ii) €,_,+&, = 9, 
then |z,_.| < 1 only if €,_, = 0. We thus have |z,_,| < 1, |x,_.| < 1 
only if either (a) €,_, = &,-2 = 0 or (6) €,+€&,-1+€,-2 = 0. Con- 
tinuing in this way as in § 7 we find eventually that, if |x, | = 1 in the 
equations of A,, then max|z,| < 1 (2 < t < n) only if either all €, = 0 
(2<t <n) or &,4+...+€,_,+&, = 0. 

We now consider points of A} for which these conditions on the € hoid. 
If £,+...+€,.+&, = 0, then 2, = x, £,+24 &, v. = 2 €,+23€, in the 
equations of both A,, A}. But, by hypothesis, f(xz,,2,) < 1, so that 
é, = € = 0 and the point of Af has z, = 1 and lies on the boundary 
of C or outside C. The equations for the points [Q], say, of A} which 
satisfy the conditions £, = +1, & = 0, are 


@ = 1 E, +2, Eotoak,, y= eb, +HZbo, y= a3b,, Ty = ay, 
ory Ei = i o_ = e€,+(1—e)é,,. 
By the symmetry of C we need consider only the points of [Q] for which 


é, = 1. Ifé, > 0, then x, = 1 and the points lie outside C. It remains 
to consider just those points of [Q] for which €, < 0. But the points 
@ = 116,421 £244, Ly = 1b, +%f, (f < 0) 
in the plane of K are just those points Q’+hP’—kP" (h, k positive 
integers or zero) discussed in § 9. There it was shown that no such point 
other than Q’ is in the interior of K. It follows that f(2,,x,) > 1 for all 
points of the set [Q] other than the points given by (&,,&,) = (0,0), 


i.e. the points 
P +Q,. = +(a, 0, ag, o4,..-, &y—y, 1). 


We have thus shown that O, +Q, are the only points of Af in the 
interior of C. It follows that Q and all the points typified by Q are 
irreducible. This together with the results of § 8 shows that every point 
of the boundary of C is irreducible and so C itself is irreducible. 

This completes the proof of Theorem 1. 


12. Proof of Theorem 2 
Let S,, be the n-sphere defined by > 2? < 1 (r = 1, 2,..., m) and choose 
the axes so that P, any point of the surface of S,, has coordinates 











: 
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z,= 1, 2, = 0 (8 = 2,..., n). .Write e > 0, where «€ is arbitrarily small, 
and let P* be the point 2, = 1—e, x, = 0 in the neighbourhood of P 
and in the interior of S,,. 

Consider the — 


a, = (1l—e)é, +4(1—©)€,+-4(1—©)&s, 


Cy. &4 


— —e?)t 
ty = 4(3-+4+2e—e2)iE, + 2(3-+-2e—e®)! ' (34+ 2e—e2)?’ 














042-2) é (B++2e—eN 
rz = (34d eapitetys 2(2+ %e—e2 ys (3+ 2e—e? HTD 2(2+ 2e—e? ) ? 
; th 2e—e*)#E, (1+ 2e—el)fEg 
uy, os 9 5) 2\4 +3 9 

(2+ 2e—e*)? 2(2-+ 2e— e*)*” 

] 


Xs = V2 é,. 


Define the n-dimensional lattice A% (n < 5) by these equations with 


r,=0=£&,(r>n). Then we have:f 
d(A¥) = 3(1—e)(3+2e—e?)! = }(3—4e—2e?...)! < 4v3 = A(S,), 
AAS) = }(1—e)(2-+2e—e*)! = 4(2—2e—3e?...)! < 4v2 = A(S), 
dA) = Mla} 2e—e) = 404.) < 4 = ASD 
d(A®) = 4V2(1—e)(1+ 2e—e?)! = }v2(1—4e?...)! < 4v2 = A(S;) 


Moreover we find that 


(1—e) )*é, (€; +&.+ 1 ~E3) +€o(£o+€3+&4)+ 


+&9(Eg+E4+£5)t+Ea(Est+§s) +8 
= (l—e)?X+Y, say, 


= 


where X, Y are integer forms and Y is positive-definite in &,,..., €;. Let 
X,,, Y,, be the forms obtained from X, Y by putting £, = 0 for r > n. 
Then, if we put €, = 0 for r > n, we obtain 


= x2 = (1—e)?X,,+Y,,. 


Lyocest 
Let A be the lattice A* with e = 0. Then d(A) = A(S,), and > 2? is 
a positive-definite integer form, and A is admissible for S,. Hence A 
is a critical lattice of S, and the only points of A (« = 0) on the surface 
are those given by (integer) values of ai £,,) for which 


> a8 = X,+-Y, = 


+ The values of A(\S) (x < 8) are now well known. A full account of work done 


| 


in this field, together with an extensive bibliography, is given by Coxeter (1). 
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Hence the only points of the neighbouring lattice A* (« > 0) which 
could be in the interior of S, other than O are those for which X,,+-Y,, = 1, 
i.e. since Y,, is positive definite, X, = 1 or X, <0. But 


> a2 = (1—e)?X,+Y, = X,+¥,—e(2—e€)X,. 
If X,,+Y,, = 1 and X, = 1, i. if 
é,= +1, &=& =... = &, = 0, 


then ¥ x? < 1, i.e. the point + P* is in the interior of S. If X,+Y, = 1 
and X, < 0, then > 22 > 1. 

It follows that d(A%) < A(S,,) (n < 5), and the only points of A* in 
the interior of S, are 0, +P*, where |P—P*| = «. Hence P, and so 
every point of the surface of S,, (n < 5), is irreducible. 

This completes the proof of Theorem 2. 


REFERENCES 
1. H.S. M. Coxeter, Canadian J. of Math. 3 (1951), 391-441. 
2. K. Mahler, Proc. Kon. Ned. Akad. v. Wetensch. (Amsterdam) 49 (1946), 


331-43. 
ibid. 50 (1947), 98-118; 692-703. 





3. 
4. C. A. Rogers, ibid. 379-83. 








ch 





ON THE REPRESENTATION OF REAL 
NUMBERS BY PRODUCTS OF 
RATIONAL NUMBERS 


A. OPPENHEIM (Singapore) 


[Received 17 July 1953] 


1. Cantor (1)showed that any real number z > 1 is uniquely expressible 


in the form l 1 1 
tin (+ 2)+o)(1 +2). (1.1) 


where the a; are integers such that 
Trae) SST (1.2) 


To obtain a; he employed the algorithm given by 








1 1 x 
] -- = =. 8 9 é&.= = 9 
+7. ee Te} . =| 
, A,X, vs ‘ 
Vo eS A. so = , etc. 1.3 
~  @-+l1 si a al ~" 


Conversely, given integers a; which satisfy (1.2) and such that at least 
one a; > 2, the product in (1.1) converges to a number x > | and the 
a; are the integers associated with x by the algorithm. 

Cantor also proved that x is rational if and only if, from some point 
on, each a; is the square of its immediate predecessor, i.e. if 


Ais, = AZ (1 D tp). 
From such products as (1.1) remarkable approximations were obtained. 


It is interesting to note a generalization of (1.1) into 
= n 
t= 14.3), 1.4 
I] (145) (1.4) 
where n; > 1, d; > 1 are integers. As it stands, (1.4) is too general. It 
is essential to restrict the n; and d; in some way. 
In this note I consider the following case: 
N; = C,Cy...C;, C; @ positive integer. (1.5) 
An algorithm will be employed to determine the d;. It is remarkable 
that criteria analogous to those of Cantor for c; = 1 can be given in the 
general case (1.5) to cover uniqueness of the expansion and to settle 


Quart. J. Math. Oxford (2), 4 (1953), 303-7. 
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rationality or irrationality. As an example, if n; = c > 1, there is an 
expansion in which 
diss = > (d; —1)(d;+c)+1, d, z= 1 (2 ad B, S,...}. 
The number z is rational if and only if equality holds for all i from 
some point on. The complete statements will be given later. 


2. We define the integer d, > 1 by the inequalities 











=] 
so that d, + La} | 
- (+3) 
rite x, = (1+—]2,, 
qd, 
so that x, > 1. Define the integer d, > 1 by 
n n 
14.3 2.<l 2. 
Ta, < Xv S T7-1 
that d,=1 
ot +(e} 


In this way we define a sequence of integers d; > 1. Now clearly 





No (x,—1)d,—n n 

— <2, —. om 1 1 1 1 , 

d, , d,+m bas (d,—1)(d, +7) 
so that d,> me (dy—1N(d, +m). 


Thus we have defined integers d; > 1 and numbers x; > 1 such that 





t= 2%, a4 an (¢ = I, 2.....}, 
d, 2, - 
t= es dean > INU +9) (2.1) 


Plainly, if d; = 1 for some i, then d; = 1 for j = 1.,,..., 7. But 


=> (eg}irg)-(+3) 
x > (1-++m,)(1-+m9)...(1-+m,) > 2%, 
so that 7 is bounded. Hence at most the first 7, of the d;, where 
ig = [log x/log 2], 
can be unity and the rest of the d; must exceed unity. 











an 


im 


SS ae 
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Consider now 


d;,,—(d;—1) > (@,—("4d,+m..—1) >0 


if d; = 2. Hence dis1 > d,—1, dy44 Sm d;. 
But, if d;,, = d; > 2, then necessarily 


0< (4. —1)(*24,+-m4—1) <3. 


n; 
Hence %., = I, n, >d,d;—1) > 1. 
Changing 7 into 7+ 1 we see therefore that 
d;.9 > 4). 

Note that, if d;,, = d; > 2, then also 

n; n; 

14+—>d,, 14+— > 1+d; >3. 
d; d; 


Thus the number of times that d;,, = d; > 2 can occur is bounded 
(being at most [log z/log 3]). Hence d; is a non-decreasing sequence of 
positive integers up to i = i, and thereafter d; is steadily increasing to 
infinity. 

The series of positive terms 


is such therefore that 
Upiy Ney d; _ d; 
u;, di44n; ~ (d;—1)(d,+n,)’ 
which tends to 0 as i-> oo. Hence > u; and therefore also [J (1+-u,) is 
convergent, its value being x. 


To sum up: we have proved 





THEOREM 1. Given integers n; >1 (i = 1, 2.,...), there exist for any 
«> 1 integers d; > 1 (i = 1, 2,...) such that 


. nN; : 
2 = I] (1+3) (2.2) 


and l<d,<d,<d,...>©, 


dy > “3 (d;—1)(d, +n), (2.3) 


the integers d; being chosen by (2.1). 


3. The question now arises: given a convergent product (2.2) in which 
the integers d; satisfy (2.3), is it the case that the expansion is that 
associated with x and numerators n; by means of (2.1)? 

3695 .2.4 x 
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I esnsider here the case 
Ng = Cy Co...C,, c; a positive integer, (3.1) 





and I prove 
THEOREM 2. Jf (3.1) holds and if the integers d; > 1 satisfy 


dey > C11(4;—1)(d,-+n,)+1 (i = 1, 2,...), (3.2) 
and at least one d; > 2, then the product 
II (l+u,)=2<0 (3.3) 


is such that the d; are associated with x and numerators n,; by (2.1). 
It will be enough to prove that 
nN; = N; N: 
14— = 1+—~}< 1 _—, 3.4 


j=1 

The left-hand inequality is trivial. That on the right requires proof 

only when d; > 2. Such ad; exists and then, by (3.2), d; > 2 for allj >i. 
Now, for d; > 2, 


nN; nN; i+ 
~ (1439+ are) > (I . z)(!+ rar) 


(3.5) 














with equality if and only if 
di 4y—1 = C443(d;—1)(d; +1). 
Repeated application of (3.5) yields 
i+m 
Nn; Nn: 
14+— t 
I] ( ni 2) * d;— 1 , 


and (3.4) follows on letting m— oo. Thus Theorem 2 is proved. 





4. Rationality of x given by (3.3) 
THEOREM 3. If equality holds in (3.2) for all i > io, then x is rational. 
For the argument used in (3.5) shows that 


(d; > 2) 





for each i > iy: thus 2; is aida so that x, being a rational multiple 
of x;, is ee rational. 
More interesting and naturally not so obvious is the converse given in 


THEOREM 4. If x is rational, then, from some point on, 
dj41 = ¢(d;—1)(d,+€, Cp...¢;) +1; (4.1) 
and x, given by (3.3), (3.2), is rational if and only if (4.1) holds from some 
point on. 











of 


or 
= 


il, 


in 


ne 
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Suppose that 
%=P/IW PP>U>1, (Ped) = 1. 





Then Pisa _ liv = dye, _ __ 4M , 
Vi+t mtd; 9,(n,+d,) 
so that A: Piss = 4 Pi, AQ, = (d;+04)4: (4.2) 
where A; = {dip (d;+-n,)93 > 1. 
. D; n; 
Now aus of = 
so that Didg— (A+ )Ni S Pi—H- (4.3) 
From (4.2), (4.3) we obtain 
Ll < Piss — Gis S A(Pin— Gis) S PiU (4.4) 


The sequence of positive integers y; = p;—q; is therefore non- 
increasing. Hence for i = i, it reaches a least value y > 1; for all 
i > i, it follows from (4.4) that 


M1 = % A, = 1, 
and that equality holds in (4.3); hence 


N41 J d n; 


di i,—1 ™ dia (dj+n)q;  (d;—1)(d;+n,)’ 


diy —1 = ¢54,(€;—1)(d;+n;) (4 > %), 





which proves (4.1). 
The second part of Theorem 4 follows by the uniqueness of the 
expansion. 


5. An example of this algorithm using n; = 2 is worth giving: 
: 2 2 2 
V2 = (1+5)(1+-357)(1 + s76i707)--- 
which is a particular case of the remarkable expansion, due, as I have 
since found, to Escott (2), 


2) (ddd) 
a—l| ay As ( As 


, . oF — g3_1 272 
where a, =@ > i, Aji, = a7+3ajz—3. 


REFERENCES 
1. G. Cantor, ‘Zwei Sitze iiber eine gewisse Zerlegung der Zahlen in unendliche 
Produkte’, Collected Papers (1932), 43-50. 
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APPROXIMATION TO t BY TRIGONOMETRICAL 
SURDS 


By L. 8. GODDARD (Aberdeen) 


[Received 15 June 1953] 


1. VARIOUS approximations to 7 by means of algebraic numbers have 
been given, and for some of these geometrical constructions have been 
described. The simplest is V2+~3 = 3-1462..., and Heiseler (1) has 
given two constructions which lead (2) to the values 

(#2—2V3) = 3-14153...,  4(v141—V/6) = 3-14161.... 


Ramanujan (3), with the aid of certain modular equations, has derived 
some remarkable approximations, the best being 
63/17+-15v5 1 1103 
T ~~ —|————_ }, —_~. ~ —,; 
25\ 7+ 15v5 InV2°~ «99? 
which give z correct to 9 and 8 decimal places respectively. Ramanujan’s 
analysis is rather heavy, but he obtained empirically the value 


19*\} 
To (2°-+55) ’ 
which gives z correct to 8 decimals, and gave a geometrical construction 
for this number. 

In the present paper we consider the problem of finding further 
algebraic approximations for 7; some of those found are much more 
accurate than those previously obtained. Two methods are described 
for generating sequences of approximations. These are elementary and 
depend on the principle that, if f(sin #,cos@) is a rational function of 
sin # and cos 6 which, when expanded as a power series in 0, is of the form 


f (sin @, cos 6) = 6+ 0(6*), 
where k > 2, then by putting @ = nz/60, where 7 is a small integer 
we obtain 


and, since the sine and cosine of n7/60 are algebraic numbers (4), it 
follows that this approximation to z is algebraic. The closeness of the 
approximation is practically determined by k and by the coefficient of 
6* in the above expansion. 


Quart. J. Math. Oxford (2), 4 (1953), 308-13. 
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2. In the first method we consider the sum 
L{O = > or sin 76, 


where the a, are chosen so that, in od expansion of /,,(@) as a series in 0, 
the terms involving 6°, 05,..., 0?"-1 are zero, and the coefficient of 6 is 
unity. The equations determining the a, are 


a,+2a,+3a3;+...+na, = 1, 
Q, + 2*Pt1a,.43°P+1q,+-...+-nP+Ha, = 0 (p = 1, 2,...,n—1). 


Let A(as,..., %,,) denote the determinant whose ith row is (1, «3°, a3°,..., 24) 
fort = 0, 1, 2,...,2—1. It is easy to show that 


A(a) — A(ag,.+5 Xp) — (— )in— saa | OL; 21) —TI (a? —aj), 


i<k 
and we have ra, = (—)"-1(n!)?A,(«)/A(a), 
where A,(«) is the determinant obtained from A(«) by — the last 
row and the rth column, and where we put a, = s (s = 2,...,n). After 


some reduction we find that 
(—Y-12(n!)2 - 
r= I, 3.... 
(n—r)!(n-+-r)!r ( 
For the remainder in the a we have, by Maclaurin’s theorem, 
~ 
erty 
Q2n+1 “3 
TT Zz r2n+lq cos Ard. 
Qnty! 2, 


Hence gensi ‘ 
| Ronai(9)| = (Qn+1)! [Sr r°n+lq_cosAré 


Q2n+1 bes _ 
n+1y 
< Grp! >a, 





a, = 


Bon o1(9) = BaF artrg) (0<A< 1) 


r=1 
_4 
n! A(a)’ 


Now >) piatig, — 
r=1 
where A’ is the determinant whose ith row is (1, 22‘+3,...,n2‘+3) for 
t= 0, 1,...,»—1. Since 
A’ = (n!)8A(a), 
(n!)292" +1 


it follows that | Ron41()| < (2n+1)! 
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By taking n = 2, 3, 4,... we obtain the set of inequalities: 


5 
n = 2: |OQ—(4#sin 0—} sin 26)| oa. 


30’ 

, ; , 0? 
n = 3: |O0—($sin 6—¥, sin 26+ 4 sin 36)| < 140’ 

, ; , , 6° 
n = 4: |O—(8sin 6—?sin 20+ ;8; sin 36—;}, sin 40)| < 330’ 

: . od ‘ ; gu 
n= 5: |0—(8sin 0—}2sin 20+ § sin 30 —53; sin 40+ 435 sin 50)! < ne 
n = 6: |O—(? sin 0—} sin 20+ 18 sin 30—4, sin 40-+- 

, : gis 
+53; sin 50—5755 sin 60)| < isgi3" 


If, in any of these, we put 6 = k7/60 where k = 1, 2, 3,... we obtain 
a sequence of algebraic approximations to 7, and an upper bound for 
the error. 
Thus, with n = 3, k = 5, we obtain 
mn ~ p[9(5V6—2)—43V2] = 3-1415867..., 
which gives z correct to 5 decimal places. 
The best result derived from this set of approximations is, putting 
n=6,k=1, 
7 ~ 7 i5 (278, +583) — 5g (1582+ 84) +i(#- *5)| , 
where 8, = (V6+2)(v5—1)—2(v3—1),/(5+ V5), 
8. = «(30—6V5)—v5—1, 
8, = V10+~2—2,/(5—5), 
8, = (104+ 2v5)— V15+ v3, 
8, = V6—Vv2, 





— 


8% = V5 — i. 
This expression gives 7 correct to 18 places of decimals. 
3. In the second method we use a continued-fraction development. 


By using a standard transformation for the quotient of two hyper- 
geometric series, the well-known series, 


@ = sin @cos a(1+8 sin’ +5 Ssin'0+...), 
-o 


+ Since fa, > (—1)""!/r as n > o0, the limiting form of f,,(@) is the Fourier series 
6 = 2%sin 6—}sin 20+ 4sin30—...) (0 < 0 < 7m). 
t The expression may be evaluated numerically by using the values given 
(to 24 decimal places) by Gray (5). 
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can be transformed [(4), 375] into the continued fraction 





po S. OF 
1— 1—1—"” 
2r(2r— 
where a, = sin@cos8, a. = mh sin6, 
(4r—3)(4r—1) 
2r(2r—1) 


sin*@ (r = I, 2,...). 





Gaus = 
art (4r—1)(4r+1) 
If p,,/d, is the nth convergent, we have 
Pn = Pn-1—%n Pn-2) Un = An-1—4n In-2 (n = 2, 3,.+), (1) 
where py, = 0, p, = 4,, J = 1,9, = 1. 


Regarding the difference 0—p,/q, we have 


A, Ay... 
LEMMA lI, g—Pn = Neat n+l 
Tn Un In+2 


If we formally expand p,,/q,, into a power series in 0, we have 
LEMMA 2. 


9 — Per — pO"+1P (6), @ Pers — v64r+3P,(), 








Yor Yor+1 
where 
94r—2 (r+ 1)247+1 
b = a 2? v= 2? 
(4r-41 ("7 ' (r+ay(ar+a)(3F") 


and P,(0), P,(@) are power series with constant term equal to unity. 
The proof of Lemma | is as follows. The relations (1) lead to 
Pr UWn-1—Pn-1Mn = %%,-+-Ups 
and it is easily shown that 


Pn po Pn+19n—Pn M+ 


Tn " Yn(In+1—In a1) 





a An+ 
where ‘= a pe... , 


But r,, > a,,4,, so that 
In+1— In n+1 > Inti— In Gn+2 = In+e- 
) By Bo.. Mn ss @ As... 41 


Thus g—Pn _ 
Tn In(Qn+1— In Tn+1) In In+2 
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We use this lemma to deduce Lemma 2. It is observed that q,, is a 
polynomial in sin?@ with constant term equal to unity; also a, 4p...a,,4, 
involves @ in the form sin?”+1@ cos 6. Thus 

9—Pnln = O(0"*?), 
and the coefficients » and v follow from the values of the a,. 

To obtain approximations for 7 we now put 6 = kz/60, as before, 
and take k7/60 ~ p,,/q,. An estimate of the error involved is given by 
Lemma 2. Since the values of » and v are small, even for r = 1, 2, 3...., 
the error is small. 

The values of p,,/q,, for n = 1, 2, 3,... are as follows: 

3 sin 20 28 sin 20-+-sin 40 














Pi/q, = 3 8in 26, P2/G2 = 2(2-L-c0s 20)’ Ps/V3 = 12(3-+2cos 20)’ 
5 / 32sin 26-+-5sin 40 

Palds = linc cos 20-+-cos i) 
425 sin 20+ -101 sin 40-+-sin 60 

Psi4s = —60(10-4-10 cos 20-4-cos 40)” 
7/ 375sin 20+-132sin 46+-7 sin 60 

P6/VMe = 3a i) 


200+ 225 cos 26+ 36 cos 40+-cos 6 


These convergents give rise to a large number of approximations to 7. 
I record only a few. When 6 = 7/12 and n = 3, 4, 5, we obtain 


9 /¢ 
sie ee ee HAR. 
(34-43) 
9 « 
nw 5( 22+ 5¥3) _ 3.14159090..., 
374-163 
‘ ae, 
eet eh eT one 9300000808... 
5\ 21+10v3 


which give z correct to 4, 5, and 7 places of decimals respectively. 
When 6 = 7/24, n = 5 we obtain 
42 264+ 375v6—361V2 
800+ 225v6+72V3+ 2272)’ 
which gives z correct to 14 decimal places. 
Finally, when 6 = 7/60, n = 6, we have 
a 375{,/(30—6v5)— v5—1}+4 132{,/(10+ 2v5)— V15+ v3}+ 14(v5—1) 
21 ~~ 1600+ 225{,/( 10—2v5)+ V15+ V3}+ 
+ 36{,/(30+ 6v5) + v5—1}+ 2,/(10+ 2v5) 





5 





and this gives z correct to 18 decimals. 














wr 


4. 


ON APPROXIMATIONS TO wv 313 


REFERENCES 


. A. Heiseler, ‘Die Wiirfelverdoppelung, Winkeldreiteilung und Rectifikation 
des Kreises durch elementare Niaherungskonstruktionen’, Acta Acad. 
Aboensis, Math. et Phys. 8 (1935), 8 pp. 

N. Pipping, ‘Drei Geometrische Minaturen’, ibid. 18 (1952), 7 pp. 

S. Ramanujan, ‘Modular equations and approximations to 7’, Quart. J. of 
Math. 45 (1914), 350-72. 

E. W. Hobson, Treatise on Plane Trigonometry (Cambridge, 1921), 74. 

. P. Gray, ‘Values of the trigonometrical quadratic surds’, Mess. of Math. 6 

(1877), 105-6. 








A CYLINDRICAL CURVE WITH MAXIMUM 
LENGTH AND MAXIMUM HEIGHT 


By M. K. FORT, Jr. (Athens, Ga.) 


[Received 6 July 1953] 


1. Introduction 

In a recent paper (1), J. W. Green considers curves C which have 
diameter 2 and which encircle a right circular cylinder of unit radius. 
Each such curve C turns out to be rectifiable and hence has a length L(C). 
H(C) is defined to be the minimum distance between two planes perpen- 
dicular to the cylinder and containing C between them. Green proves 


that on < L(C) < 22, 
0< H(C)< v2 


and shows that these bounds are the best possible. He also proves that 
there exists a curve C for which H(C) = v2. The following two questions 
are asked but not answered in Green’s paper. First, does there exist a 
curve C for which L(C) = 2V27; and second, what is the least wpper bound 
for H(C)+L(C)? In this paper I construct .a curve C for which 
L(C) = 2V2m and H(C) = v2. My example thus answers both of the 
above questions, and shows that it is indeed possible for C to have 
simultaneously both maximum length and maximum height. 


2. Method of construction 
It follows from Green’s paper that in order to obtain a curve C having 
the desired properties, it is sufficient to construct a continuous function f 
on the interval [0, $7] with the following properties: 
(1) f(0) = 0 and f(}n) = v2, 
(2) |f(u)—f(v)| < 2|sin}(w—v)| for all wu, v in [0, $7], 
(3) L(f) = $v27, where L(f) is the length of the graph of f over [0, $7]. 
Since the construction of f is rather complicated, it seems advisable 
first to sketch briefly the procedure which is followed in the construction. 
We start with the function F for which F(x) = 2sin}x,0 < a4 < #1. 
We next define a sequence gp, g,,... of ‘zigzag’ functions on [0, $7] whose 
graphs are obtained by piecing together curves which are obtained by 
translating and possibly reflecting initial portions of the graph of F. 


Quart. J. Math. Oxford (2), 4 (1953), 314-20. 
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The functions g,, are constructed so as to be continuous and have the 
following properties: 

(4) g,(0) = 0 and g,(47) = v2 for each n, 

(5) \g,(u)—g,(v)| < 2\sin4(u—v)| for each n and all wu, v in [0, $7], 
(6) lim Lig,) = 4v27, 


n> oC 


7) the sequence gp, g;,... converges uniformly to a function /f, 


( 
(8) lim L(g,) = L(f). 


no 


Once the g,, have been constructed so as to have the above properties, 
it is easy to see that the function f obtained as the limit of the sequence 
satisfies conditions (1), (2), (3). 

The chief difficulty which arises in our construction is in describing 
the functions g, in such a way that one can prove that they satisfy (5). 


3. Some preliminary definitions 


If g is a function, we let D(g) be the domain of g. If J is a subset of 
D(g), we define g|J to be the function whose domain is J and which 
agrees with g on J. 

We have already defined the special function F in§ 2. If0 <a < }4r 
and b is a real number, we define P,,, to be the function whose domain 
is [a, 7] and which satisfies P,,(x) = b+ F(x—a). 

We define N,,,, to be the function whose domain is [a, $7] and which 
satisfies N,,(7) = b—F(x—a). It is important to note that, if two 
functions P,,, and P,, are not equal, then their graphs intersect in at 
most one point. 

We say that a function g is of type P on an interval [a,b] c D(g) if and 
only if there exists a number c such that g|[a,b] = P,,,|[a,6]. Likewise, 
a function g is of type N on [a,b] if and only if there exists c such that 
g\{a,b] = N,,,|[a, b]. 

We define Z to be the set of all continuous functions g such that: the 
domain of g is a closed interval and is contained in [0, $7]; and D(g) can 
be subdivided into a finite number of closed intervals on each of which 
g is either of type P or of type N, the types differing on adjacent intervals 
of the subdivision. It is easy to see that, if ge Z, then there exists a 
unique subdivision o(g) of D(g) which has the property that on each 
interval of o(g) the function is either of type P or of type N. 

Ifge Zandaz ec J € o(g), we say that the interval J is a ‘g-carrier’ of x. 
Most points of g will have exactly one g-carrier, but a comraon end-point 
of two intervals in o(g) will have each of the two intervals as g-carriers. 
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If g is of type P on D(g) and h € Z, we say that h is a modification of g 

if and only if: 

(i) g and h have a common domain [a, 6]; 

(ii) g(a) = h(a) and g(b) = h(b); 
(iii) the number of intervals in o(/) is odd and greater than 1; 
(iv) ifa = a <a,<... <2, = bare the end points of the intervals of 

o(h), then h(x,,) = g(x,) for all odd k; and 

(v) h(a;,) < h(a;,,2) for all even k. 
If g is of type N on D(g) and h € Z, we define h to be a modification 
of g if and only if —h is a modification of —g. If ge Z and he Z, we 
define h to be a modification of g if and only if h|J is a modification of . 
g\J for each interval J in o(g). 

We define 7’ to be the set of all ordered triples (g, u,v) for which g is 
a function, D(g) c [0,47], and wu, v are in Dig). We partially order T by 
defining (g, u,v) < (h,s,t) if and only if |jw—v| > |s—t| and 

lg(u)—g(v)| < |h(s)—h(t)|. 

We define A to be the set of all (g,u,v) in 7 for which 

ig(u)—g(v)| < 2|sin }(u—v)}. 
It follows at once from the fact that F is increasing on [0, $7] that if 
(g,u,v) < (h,s,t) and (h,s,t) € A then (g,u,v)€ A. We shall frequently 
make use of this fact. 

We define B to be the set of all functions g such that (g, u,v) €:A for 
all uw, v in Dig). 

Finally, we define inductively a sequence M), M,,... of sets of functions. 
We define M, to be the set of all functions g such that D(g) is a closed 
interval contained in [0, $7] and g is either of type P or of type N on D(g). 
If M,, has been defined, then //,,, is the set of all functions g such that 
g is a modification of some member of M,. 


4. The construction of f 
I now prove the crucial lemma. 


LEMMA 1. If n is a non-negative integer, then M, c B. 


Proof. I shall prove this lemma by induction on n. For n = 0 the 
lemma is implied by the fact that F is concave and increasing. Before 
considering the general inductive step, I first consider the special case 
n= 1. 

The casen = 1. Let g, € M, and wu and v be members of D(g,). There 
exists g, € M, such that g, is a modification of g,, and we may assume 
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without loss of generality that g, is of type P on D(gy). We also assume 
u < vand g,(u) ¥ g,(v). 

If w and v have a common g,-carrier J, then the fact that g,|J ¢ M, 
implies that (g,, u,v) € A. We now make the additional assumption that 
wand v do not have a common g,-carrier. There are four situations which 
we must consider. 

Suppose that g,(w) < g,(v) and w has a g,-carrier [a,b] on which g, is 
of type P. Then g,(v) < P,,(v) where c = g,(a). It follows that 


(7:0, 0) < (Pye, Ut, 0), 


x,¢ © My, we see that (g;, u,v) € A. 

Suppose g,(w) < g,(v) and g, is not of type P on any g,-carrier of wu. 
Then there is an interval [a,b] which is adjacent to and to the right of 
the (necessarily unique) g,-carrier of u, and g, is of type P on [a,}]. 
There exists w € [a,b] such that g,(w) = g,(u) and u<w<v. Thus 
(g,.u.v) < (g,,w,v). It follows from the previous cases which we have 
considered that (g,,w,v) € A, and hence (g;, u,v) € A. 

Suppose that g,(w) > g,(v) and that w has a g,-carrier [a,b] on which 
g, is of type NV. It follows from condition (v) in the definition of modifica- 
tion that g,(v) > N,,,(v), wherec == g,(a). Thus (g,, u,v) < (N,,,u,v)EA 
and hence (g,,u,v) € A. 

Suppose that g,(w) > g,(v) and that w does not have a g,-carrier on 
which g, is of type V. Then there exists [a,b] € o(g,) which is adjacent to 
and to the.right of the (necessarily unique) g,-carrier of wu, and g, is of 
type .V on this interval. Using condition (v) together with the facts that 
u << vandg,(u) > g;(v), we see that there must exist w € [a,b] such that 
gi(w) = g,(u) andu <w<_v. Thus (g,,u,v) < (g;,w,v), and it follows 
from cases which we have already considered that (g,,w,v) € A. Hence 
(9,,u.v) EA. 

The induction step. Now suppose n > 1 and assume the lemma for all 
non-negative integers less than n. Let g,, ¢ M,, and let uw, v be members 
of D(g,,). We assume u < v and g,(u) ~g,(v). There exist functions 
Jo: J1-+--s Jn Such that g, € M, for k = 0,..., n and g,_, is a modification 
of g, for k = 1.,..., n. There is no loss of generality in assuming that g, 
is of type P on D(g,). 

If for some k (1 < k < n) wu and v have a common g,-carrier J, then 
g, J < M,_;,, and it follows from the induction assumption that 


and, since P 


(9,,U,v) EA. 


We now make the additional assumption that w and v do not have a 
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common g,-carrier for 1 << k <n. There are six situations which we 
must consider. 

Suppose that g,(u) < g,(v); and that for some k (1 < k < n) uhasa 
g;,-carrier on which g; is of type N. Then g,(u) < g,,(w), and there exists 
w in some g,,-carrier of v such that g,(w) = g,(v),u < w < v. It follows 
that (g,,,u,v) < (g;,u,w) € A and hence (g,,, u,v) € A. 

Suppose that g,,(u) < g,(v); that there is no g,-carrier of u on which 
9, is of type N for 1 < k <n; and that u has ag,,-carrier [a,b] on which 
J, is of type P. Using the fact that functions P,,, and P,, can intersect 
in at most one point, it is easy to see that g,,(v) < go(v) < P,,(v), where 
c= g,(a). It follows that (g,,u,v) < (P,,,,u,v) € A and hence 


(g,,U,v) EA. 


Suppose that g,(wu) < g,(v); taat there is no g,-carrier of u on which 
g;, is of type N for 1 < k < n; and that wu does not have a g,-carrier on 
which g,, is of type P. Then there exists an interval [a,b] € o(g,,) which 
is adjacent to and to the right of the (necessarily unique) g,,-carrier of wu. 
Wesee that g,, is of type P on [a, b| and that there exists w in this interval 
for whichg,(w) = g,(u)andu < w < v. Weobtain (g,,,u,v) < (g,.w.v), 
and it follows from cases which we have already considered that 


(g,,W,v) EA. 
Thus (g,,u,v) € A. 

Suppose that g,,(u) > g,(v); and that for some k (1 < k < n) wu has 
a g;-carrier on which g,, is of type P. Then g,(u) > g,(u). There exists 
w in some g,-carrier of v such that g,(w) = g,(v) andu<w<v. It 
follows that (g,,,u,v) < (g,,u,w) € A and hence (g,, u,v) € A. 

Suppose that g,,(u) > g,,(v); that there is no g,-carrier of wu on which 
g;, is of type P for 1 < k < n; and that wu has a g,-carrier [a,b] on which 
J, is of type N. Then it is not difficult to see that g,(v) > N,(v), where 
c=4g,(a). It follows that (g,,u,v) < (N,,.,u,v)¢A and hence that 
(Jn: U,v) EA. 

Suppose that g,,(u) > g,(v); that there is no g,-carrier of wu on which 
g;, is of type P for 1 < k < n; and that there is no g,-carrier of u on 
which g,, is of type N. There then exists [a,b] € o(g,,) which is adjacent 
to and to the right of the (necessarily unique) g,,-carrier of u, and g,, is 
of type N on [a,b]. There exists w € [a,b] such that g,,(w) = g,(u) and 
u<w<v. Thus (g,,u,v) < (g,,w,v), and it follows from cases which 
we have already considered that (g,,w,v) ¢€ A. Hence (g,, u,v) € A. 

We have at last completed the proof of Lemma 1. 
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We now let X be the set of all continuous functions whose domains 
are [0,47]. If g and h are members of X we define 


d(g,h) = Fan \g(t)—A(t)|. 


Ifge XN Zand his a modification of g, we say that h is an e-modifica- 
tion of g if and only if d(g,h) < ¢ and the intervals of o(/) all have length 
less than e. The proof of the following lemma is relatively simple and 
is omitted. 


Lemma 2. Ifge XN Zand ec > 0 then there exists a function h which 
is an e-modification of g. 

The following lemma expresses the lower semi-continuity of arc length, 
and is well known. 


Lemma 3. If ge X, € > 0, and g is rectifiable, then there exists 8 > 0 
such that, if h e X and d(h,g) < 4, then L(h) > L(g)—e. 


The final lemma is easy to prove, and its proof is omitted. 


Lemma 4. If go, g;,... 18 a sequence of functions in XN B and the 
sequence converges uniformly to a function h, thenhe XN B. 


We now define inductively a sequence go, g,,... of functions and a 
sequence 5,, 5,,... of positive numbers. First we let gy = F and 8, = 1. 
If g, and 6, have been defined, we choose g,,,, to be a 45,,-modification 
of g,, and then choose a positive number 3, ,, < 45, such that, if 


d(h, In+1) < Snap 


then L(h) > L(g,,.,)—8,. The sequence go, g,,... converges uniformly 

to a continuous function f. Since g, € M,, c B for each n, it follows from 

Lemma 4 that f ¢ B. Since 5, is greater than the lengths of the intervals 

in o(g,,) forn > 0 and limd,, = 0, it is easy to see that lim L(g,) = 4v27. 
no 


no 


It is also easy to see that d(f,g,,) < 5, for n > 0, and hence 
L(f) > LQy)—8,-4 forn > 0. 
Thus L(f) > lim Lig,,). The lower semi-continuity of the length func- 


no 


tion, however, implies that L(f) < lim L(g,). Thus 


no 


L(f) = lim Lg,) = $v2n. 


It is now easy to see that the function f which we have constructed has 
the properties (1), (2), and (3) of § 2. 
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We now follow Green’s procedure and extend the domain of definition 
of f so that on the interval [0, 7] the function is even with respect to 47, 
and so that on the entire interval [0,27] the function f has period 7. 

In cylindrical coordinates, the curve C can now be described by the 
equations 7 = 1 and z = f(6). It is easy to verify that L(C) = 2v27 
and H(C) = v2. 
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ADDENDUM TO 


REMARKS ON AHLFORS’ DISTORTION 
THEOREM 


By W. K. HAYMAN (Ezeter) 
(Quart. J. of Math. (Oxford), 19 (1948), 33-53] 


Since this paper was printed I have found out that the sharp bound 
in Theorem A, one of the main results, was first obtained by O. Teich- 
miiller in his paper: ‘Untersuchungen iiber konforme und quasikonforme 
Abbildungen’, Deutsche Mathematik (1938), 621-7. 
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